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CATEGORIFYING NON-COMMUTATIVE DEFORMATIONS
AGNIESZKA BODZENTA AND ALEXEY BONDAL
Abstract. We define the functor ncDef(Z1,...,Zn) of non-commutative deformations of
an n-tuple of objects in an arbitrary k-linear abelian category Z . In our categoried
approach, we view the underlying spaces of infinitesimal flat deformations as abelian
categories with n isomorphism classes of simple objects. If the collection (Z1, . . . , Zn)
is simple, then the functor ncDef(Z1,...,Zn) is ind-represented by the smallest full
subcategory of Z containing {Zi} and closed under extensions.
We prove that for a flopping contraction f ∶X → Y with the fiber over a closed point
C = ⋃ni=1 Ci, where Ci’s are irreducible curves, {OCi(−1)} is the set of simple objects in
the null-category for f . We conclude that the null-category ind-represents the functor
ncDef(OC1(−1),...,OCn(−1)).
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1. Introduction
In this paper, we develop a categorical point of view on non-commutative deformation
theory. The classical commutative infinitesimal deformation theory of a mathematical
object defined over a base field k is governed by the so-called deformation functor on the
category of commutative local Artinian algebras with values in the category of sets [Sch68].
The functor assigns to such an algebra A all possible flat deformations of the object over
SpecA. O. A. Laudal initiated the study of non-commutative infinitesimal deformations
of a module over an algebra by replacing Artinian algebras by non-commutative Artinian
algebras [Lau02].
When deforming a collection of objects, a new phenomenon is observed: in contrast
to the commutative case, a non-commutative deformation space can be made more
complicated than just the product of the deformation spaces for the objects deformed
separately. In certain sense, objects interact in the deformation like entangled particles
in Quantum Mechanics. This interaction of objects is governed by their pairwise Ext
groups. For non-commutative deformations of n modules over a k algebra, O. A. Laudal
suggested to replace Artinian algebras by n-pointed algebras [Lau02], [Eri10], which
are basic algebras with a fixed splitting k⊕n → A of the maximal semi-simple quotient
A/rad A ≃ k⊕n.
Our proposal is to replace the category of n-pointed algebras by the category Dfn
of Deligne finite categories, by which we mean finite length abelian categories with n
simple objects, {Si}ni=1, satisfying the finiteness condition on dimension of Hom and Ext
1
groups and possessing a projective generator (cf. [Del90]). Also we consider a bigger
category D̃fn, whose objects are similar categories with the condition on the existence
of a projective generator omitted. These categories play the role of ind-representing
objects for deformation functors, analogous to complete local algebras that pro-represent
deformation functors in the classical deformation theory of Schlessinger [Sch68].
Our approach is based on the observation that, for a commutative Artinian algebra
A and a scheme X , a deformation along SpecA of a quasi-coherent sheaf on X , i.e.
a sheaf on X × SpecA flat over SpecA, is uniquely determined by an exact functor
mod–A→ QCoh(X), where mod–A is the category of finite dimensional right A-modules.
This supports the idea to define a non-commutative infinitesimal deformation of a finite
collection of n objects {Zi}ni=1 in an abelian category Z as an exact functor A → Z out of
a Deligne finite category A, which, for any i, takes the simple object Si in A to Zi.
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The non-commutative deformation functor of an ordered collection (Z1, . . . ,Zn) of
objects in Z
ncDef(Z1,...,Zn) ∶ Df
op
n → Sets
assigns to A the set of isomorphism classes of these exact functors. A further extension
of the theory where the deformation functor is a 2-functor out of the 2-category Dfn to
the 2-category of groupoids will be discussed in a subsequent paper. Remarkably, the
2-categorical abbreviation of the ∞-category deformation theory for collections of objects
in an abelian category does not loose any information of the latter.
In the categorical approach of this paper, there is no need of the choice of the splitting
for the semi-simple part of the algebra, as it was for n pointed algebras of O. A. Laudal.
Instead, we consider the category Basn of basic unital finite dimensional k algebras such
that A/radA ≃ kn together with a full order on simple modules, i.e. on n pairwise different
homomorphisms αi∶A → k. Morphism in Basn are conjugacy classes of homomorphisms
ϕ∶A → A′ satisfying α′i ○ ϕ = αi. Here, we say that ϕ,ψ∶A → A
′ are conjugate if there
exists an invertible u ∈ A′ such that ϕ = uψu−1. Note that morphisms in this category are
not just homomorphisms of algebras.
According to Theorem 4.1, the category Basn is equivalent to the opposite category to
Dfn. The equivalence takes algebra A from Basn to the category mod–A.
It turns out that the categorified deformation theory of this paper is good
for constructing the ‘universal deformation’, which in categorical terms means the
(ind)representability of the non-commutative deformation functor. Namely, we prove
the ind-representability under the condition that the collection of objects that we deform
is simple. Following Y. Kawamata [Kaw18], we say that a collection {Zi}ni=1 of objects in
a k-linear abelian category Z is simple, if
dim
k
HomZ(Zi,Zj) = δij .
We denote by F({Zi}) the smallest full subcategory in Z closed under extensions and
containing {Z1, . . . ,Zn}. Then we prove
Theorem A. (see Theorem 5.6) Let (Z1, . . . ,Zn) be an ordered simple collection of obejcts
in abelian category Z. If dim
k
Ext1(⊕Zi,⊕Zi) is finite, then F({Zi}) is the object in
D̃fn that ind-represents the non-commutative deformation functor ncDef(Z1,...,Zn).
Note that the (pro)representability of the deformation functor was problematic for the
category of n-pointed algebras considered by O. A. Laudal, mostly because morphisms in
the underlying category were homomorphisms of algebras and not the conjugacy classes of
those. Instead, he proved existence of the hull for his deformation functor, i.e. a surjective
morphism from a representable functor.
The original geometric motivation for this paper was to better understand the relation
between flops and non-commutative deformations. For the case of a flopping contraction
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of a (0,−2)-curve C on a threefoldX , Y. Toda proposed in [Tod07] an interpretation of the
flop-flop functor as the spherical twist with respect to a spherical functor Db(mod−A) →
Db(X), where A = k[x]/xn. Also he gave an interpretation for SpecA as the moduli of
(commutative) deformations of OC(−1) in Coh(X).
This idea was further developed by W. Donovan and M. Wemyss in [DW16]. They
interpreted the flop-flop functor for a more general threefold flopping contraction with an
irreducible flopping curve C in terms of the so-called contraction algebra, which is a hull
for the non-commutative deformation functor for OC(−1) in the sense of Laudal. Using
M. Van den Bergh’s non-commutative resolution which gives an equivalence Db(X) ≃Ð→
Db(Λ), for a suitable non-commutative algebra Λ, W. Donovan and M. Wemyss transferred
their analysis into pure algebraic framework of Λ representations. They considered the
contraction algebra Λcon, which is a quotient of Λ by an ideal I, and proved that I
regarded as a Λ −Λ bimodule defines a self-equivalnece of Db(Λ). When this equivalence
is transported into Db(X) it coincides with the flop-flop functor. In subsequent paper
[DW19], the authors considered the case of reducible flopping curve C on a threefold
X and described relations between auto-equivalences for flops with centers in different
irreducible components of C.
Consider a more general flopping contraction f ∶X → Y of Gorenstein varieties with
fibers of dimension bounded by 1. Assume that variety Y has canonical hypersurface
singularities of multiplicity 2 (cf. [VdB04]). In [BB15], we introduced the null-category
Af = {E ∈ Coh(X) ∣Rf∗(E) = 0}
and proved that under the above assumptions the ‘flop-flop’ equivalence is the spherical
twist for the spherical functor Db(Af) → Db(Coh(X)), the derived functor of the
embedding Af → Coh(X).
In this paper, we relate the null-category to non-commutative deformations. Theorem
6.13 states that simple objects in Af are OCi(−1), where Ci ≃ P1 run over irreducible
components of 1-dimensional fibers C for f over all closed points of y. Fix one closed
point y ∈ Y with 1-dimensional fiber C over it and consider the null-category with support
in the fiber
Af,C = {E ∈ Af ∣ supp E ⊂ C}
Theorem B. (see Theorem 6.14) The null-category Af,C is an object of D̃fn that ind-
represents the non-commutative deformation functor of the collection {OCi(−1)}.
If we assume further that dimX = dimY = 3 and Y is the spectrum of a noteherian
local ring, then any object of Af is supported on the fiber C of f over the unique closed
point of Y , i.e. Af ≃ Af,C . Moreover, under these assumptions the category Af is Deligne
finite, hence we have
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Corollary (see Corollary 6.15) Let R be a noetherian local ring of dimension 3. If f ∶X →
SpecR is a flopping contraction, then the category Af represents the non-commutative
deformation functor of the {OCi(−1)}.
When Y is 3-dimensional but not local, category Af is the direct sum of categories Af,Cy
where y runs over all closed points in Y with 1-dimensional f -fibers Cy = ⋃Cy,i. Thus,
category Af represents the functor of non-commutative deformations of {OCy,i(−1)}.
Structure of the paper. In Section 2 we study the category ZA of A-objects
in an arbitrary abelian category Z . We prove that ZA is equivalent to the category
Rex(mod–A,Z) of right exact functors mod–A → Z . We say that an A-object is flat if
the corresponding functor is exact.
We show that, for a k-scheme X and a k-algebra A, the category QCoh(X × SpecA)
is equivalent to QCoh(X)A and that sheaves flat over A correspond to flat A-objects
(see Section 2.2). We also discuss a pair of adjoint functors ZA ↔ ZB induced by a
homomorphism A→ B.
In Section 3.1 we rephrase the classical deformation functor using the language of A-
objects. This point of view allows us to extend this classical functor to the category Bas1
(see Section 3.2). We t hen consider non-commutative deformations of n-objects (see
Section 3.3) as a functor Basn → Sets.
In Section 4 we consider abelian categories as bases of infinitesimal non-commutative
flat families. We introduce category Dfn, equivalent to Bas
op
n , as a subcategory of D̃fn
(see Section 4.1). In Section 4.2 we show that D̃fn is a subcategory of ind-objects over
Dfn. In the virtue of the equivalence Dfn ≃ Bas
op
n we define the categorified functor of
non-commutative deformations Dfopn → Sets (see Section 4.3).
In Section 5 we prove that the functor of non-commutative deformations of a simple
collection is ind-representable, i.e. isomorphic to Hom(−, (C,QC)), for some (C,QC) ∈ D̃fn.
We also give a detailed example of non-simple collection for which ncDef(Z1,...,Zn) is not
ind-representable (see Section 5.3).
In Section 6 we study the motivating example related to flopping contractions. In
Sections 6.1 and 6.2 we recall the properties of the null-category Af . We describe simple
objects in Af (see Section 6.3) and discuss when Af and Af,C (ind-)represent the functor
of non-commutative deformations (see Section 6.4).
Notation. We work over an algebraically closed field k of characteristic zero. For a
local k-algebra A we denote by qA∶A→ A/mA ≃ k the quotient by the maximal ideal. By
Art
k
we denote the category of commutative, finite dimensional, local k-algebras.
For an algebra A, we denote by Mod–A the category of right A-modules. By mod–A ⊂
Mod–A we denote the full subcategory of finitely presented modules. It is abelian if
the algebra A is right coherent. For a morphism α∶A → B of algebras, we denote by
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α∗∶Mod–B → Mod–A the restriction of scalars and by α∗(−) = (−) ⊗A B∶Mod–A →
Mod–B its left adjoint.
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2. Families of quasi-coherent sheaves over an affine base
We provide an alternative description for quasi-coherent sheaves on X ×SpecA as right
exact functors mod–A→ QCoh(X) or A-objects in QCoh(X).
2.1. A-objects and right exact functors.
Consider a pair of objects Z,Z ′ in an additive category Z . Precomposition
with endomorphisms of Z and postcomposition with endomorphisms of Z ′ endows
HomZ(Z,Z ′) with a bimodule structure:
EndZ(Z ′)⊗HomZ(Z,Z ′)⊗EndZ(Z)→ HomZ(Z,Z ′).(1)
In particular, an object Z of an additive category Z yields a functor
Hom(Z,−)∶ Z →Mod–EndZ(Z).
If Z is a cocomplete abelian category then HomZ(Z,−) has left adjiont
(2) TZ ∶Mod–EndZ(Z ′)→ Z ,
see [Pop73, Theorem 3.7.1]. We discuss the existence of a partial left adjoint for abelian
categories which do not admit arbitrary direct sums.
Let F ∶ C → D be a functor and D0 ⊂ D a full subcategory. We say that G∶ D0 → C is
partial left adjoint to F if there exists an isomorphism
(3) hC,D0 ∶HomC(G(D0),C) ≃Ð→ HomD(D0, F (C)),
functorial in C ∈ C and D0 ∈ D0. The standard arguments show that the partial left
adjoint G is unique up to a unique isomorphism. Moreover, if the categories C, D0 and D
are abelian, then G is right exact.
Let A be a unital k-algebra. We denote by ∗A the category with one object whose
endomorphism ring is A. We consider ∗A as a full subcategory of mod–A.
For a k-linear category Z and a unital k-algebra A, an A-object is a k-linear functor
ρ∶ ∗A → Z . A morphism of A-objects is a natural transformation of functors. We denote
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by ZA the category of A-objects in Z . When convenient, we view ρ as an algebra
homomorphism ρ∶A → EndZ(Z). In particular, functor ρ∗∶Mod–EndZ(Z) → Mod–A
is well-defined.
Proposition 2.1. [AZ01, Proposition B2.2] Let A be a unital k-algebra and Z a k-linear
abelian category. Then the category ZA is abelian.
Proposition 2.2. (cf. [Pop73, Theorem 3.6.3]) Let A be a unital k-algebra and ρ∶ ∗A → Z
an A-object in a k-linear abelian category Z. Then
(1) functor hρ(−) ∶= ρ∗ ○ Hom(Z,−)∶ Z → Mod–A admits a partial left adjoint
Tρ∶mod–A→ Z.
(2) If A is right coherent then the functor Tρ can be characterised as the unique, up
to a unique isomorphism, right exact functor between abelian categories such that
Tρ∣∗A = ρ.
Proof. We define functor Tρ∶mod–A → Z such that Tρ∣∗A ≃ ρ and the functorial
isomorphism
tM,Z ∶HomZ(Tρ(M),Z) ≃Ð→ HomA(M,hρ(Z)),(4)
for any Z ∈ Z , M ∈ mod–A. The standard arguments imply that Tρ is unique up to a
unique isomorphism and right exact if mod–A is an abelian category.
Functor ρ can be uniquely extended to an additive functor Tρ on the full subcategory of
mod–A whose objects are free A-modules. Let now M be a finitely presented A-module
with a free resolution
(5) P1
d
Ð→ P0 →M → 0
We define Tρ(M) as the cokernel of Tρ(d).
By [Pop73, Lemma 6.1], for any morphism f ∶M → M ′ and any free resolutions P1 →
P0 →M , P ′1 → P
′
0 →M
′, there exist morphisms f1 and f0 such that diagram
P ′1
d′ // P ′0
// M ′
P1
d //
f1
OO
P0 //
f0
OO
M
f
OO
commutes. Moreover, the induced morphism coker Tρ(d)→ coker Tρ(d′) does not depend
on the choice of f1 and f0.
Setting M = M ′ and f = IdM , we see that that, up to an isomorphism, functor Tρ is
independent of the choice (5) of a resolution.
For a free A-module A⊕n the isomorphism
tA⊕n,Z′ ∶HomZ(Z⊕n,Z ′)→ HomA(A⊕n,HomZ(Z,Z))
is induced by the standard isomorphism N
≃
Ð→ HomA(A,N), for any A-module N .
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The isomorphism tM,Z′ is defined via the commutative diagram
0 // HomA(M,hZ(Z ′)) // HomA(P0, hZ(Z ′)) // HomA(P1, hZ(Z ′))
0 // HomZ(Tρ(M),Z ′) //
tM,Z′
OO
HomZ(Tρ(P0),Z ′) //
tP0,Z′
OO
HomZ(Tρ(P1),Z ′)
tP1,Z′
OO
Similar arguments as above show that tM,Z′ is independent of the choice (5) of a resolution.

We say that ρ ∈ ZA is flat if the functor Tρ∶mod–A→ Z is exact.
A morphism ϕ∶ρ1 → ρ2 of A-objects in Z yields a natural transformation
Tϕ∶Tρ1 → Tρ2
uniquely extending the natural transformation Tρ1 ∣free-A → Tρ2 ∣free-A induced by ϕ, where
free-A ⊂mod–A denotes the subcategory of free A-modules.
Remark 2.3. If Z is cocomplete, the functor
T ρ ∶= TZ ○ ρ∗∶Mod–A→ Z
is left adjoint to ρ∗ ○ Hom(Z,−). Uniqueness of the partial left adjoint functor implies
that T ρ∣mod–A ≃ Tρ.
Proposition 2.4. (cf.[Pop73, Theorem 3.6.2]) Let A be a right coherent k-algebra.
Functors (−)∣∗A ∶Rex(mod–A,Z)→ ZA and Θ∶ ZA → Rex(mod–A,Z), Θ(ρ) = Tρ are quasi-
inverse equivalences of categories.
Proof. The statement follows from Proposition 2.2.(2). Indeed, as Tρ∣∗A ≃ ρ, we have(−)∣∗A ○Θ ≃ Id. On the other hand, a right exact functor mod–A → Z is determined up
to an isomorphism by its restriction to ∗A ⊂mod–A, hence Θ ○ (−)∣∗A ≃ Id. 
2.2. Sheaves on X × SpecA and A-objects in QCoh(X).
Let A be a Noetherian commutative unital k-algebra A. For a k-scheme X , denote by
X × SpecA
pA
xxqqq
qq
qq
qq
qq pX
%%❏❏
❏❏
❏❏
❏❏
❏❏
❏
SpecA X
the canonical projections.
Define functor
FMX ∶QCoh(X × SpecA)→ Rex(mod–A,QCoh(X))
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which to F ∈ QCoh(X × SpecA) assigns the abelian Fourier-Mukai functor:
(6) FMX(F )(−) = pX∗(F ⊗ p∗A(−)).
Theorem 2.5. (1) FMX is an equivalence of categories,
(2) FMX induces equivalence of F ∈ QCoh(X × SpecA) flat over SpecA and exact
functors mod–A → QCoh(X).
Proof. We construct ΛX ∶QCoh(X)A → QCoh(X × SpecA) and check that ΛX ○ (−)∣∗A is
the quasi-inverse of FMX :
QCoh(X × SpecA) FMX // Rex(mod–A,QCoh(X))
(−)∣∗A
≃
uu❥❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥
QCoh(X)A
ΛX
ii❘❘❘❘❘❘❘❘❘❘❘❘❘
First, we consider the case when X = SpecB is affine. By [AZ01, Example B2.1], functor
ΛB ∶ (Mod–B)A → Mod–A ⊗k B, ΛB(ρ) = ρ(∗) with the A-module structure induced by
the isomorphism End∗A(∗) ≃ A, is an equivalence.
We check that (−)∣∗A ○ FMB is quasi-inverse to ΛB, for functor FMB defined as in
(6). Denote by α∶A → A ⊗
k
B, β∶B → A ⊗
k
B the inclusions. Functor FMB(ρ(∗))(−) =
β∗(ρ(∗)⊗A⊗
k
B α∗(−)) ∈ Rex(mod–A,Mod–B) maps A ∈Mod–A to ρ(∗), hence
(7) (−)∣∗A ○ FMB ○ΛB ≃ Id .
For F ∈ Mod–A ⊗
k
B, functor FMB(F ) maps A to β∗(F ) with its A-module structure,
hence
(8) ΛB ○ (−)∣∗A ○ FMB ≃ Id .
As ΛB and (−)∣∗A are equivalences (see Proposition 2.4), it follows from (7) and (8) that
FMB is an equivalence with quasi-inverse ΛB ○ (−)∣∗A .
Let now X be a k-scheme, ρ ∈ QCoh(X)A, and iB ∶SpecB → X an open embedding.
Then i∗B ○ ρ ∈ Mod–BA and FB ∶= ΛB(i∗B ○ ρ) is a sheaf on SpecB × SpecA. For an
embedding j12∶SpecB12 → SpecB1 ∩ SpecB2, isomorphism j∗12 ○ i
∗
B1
○ ρ ≃ j∗12 ○ i
∗
B2
○ ρ yields
an isomorphism FB1 ∣SpecB12×SpecA ≃ FB2 ∣SpecB12×SpecA. It follows that (FB)SpecB⊂X glue to
a quasi-coherent sheaf ΛX(ρ) on X × SpecB. A natural transformation ρ → ρ′ induces a
compatible family of morphisms FB → F ′B which defines the functor ΛX on morphisms.
We check that ΛX ⊗ (−)∣∗A is quasi-inverse to FMX locally on X . We first establish
commutativity of the functors Λ and FM with functors induced by an embedding of an
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affine open subset iB ∶SpecB →X . Consider the pullback diagram:
(9) SpecB × SpecA
ĩB //
pB

X × SpecA
pX

SpecB
iB // X
The local construction of ΛX ∶QCoh(X)A → QCoh(X × SpecA) implies that
(10) ΛB ○ i∗B ≃ ĩ
∗
B ○ΛX .
The composite SpecB × SpecA
ĩBÐ→ X × SpecA
pAÐ→ SpecA is the canonical projection
p̃A∶SpecB × SpecA → SpecA. Hence, for F ∈ QCoh(X × SpecA), the flat base change
along (9):
i∗B ○ pX∗(F ⊗ p∗A(−)) ≃ pB∗ ○ ĩ∗B(F ⊗ p∗A(−)) ≃ pB∗ ○ (̃i∗BF ⊗ p̃∗A(−))
gives an isomorphism
(11) (i∗B ○ (−)) ○ FMX ≃ FMB ○ ĩ∗B.
In order to check that ΛX ○ (−)∣∗A ○ FMX ≃ Id and FMX ○ΛX ○ (−)∣∗A ≃ Id, it suffices
to check that these isomorphism hold after the composition with i∗B, for any affine open
iB ∶SpecB →X . These isomorphisms follow from the affine case, isomorphisms (10), (11)
and the commutativity of
Rex(mod–A,Mod–B) (−)∣∗A // Mod–BA
Rex(mod–A,QCoh∗(X))(−)∣∗A //
i∗
B
○(−)
OO
QCoh(X)A
i∗
B
○(−)
OO
Next, we check that FMX induces an equivalence of sheaves in QCoh(X × SpecA) flat
over SpecA and exact functors mod–A → QCoh(X), i.e. flat A-objects in QCoh(X).
A sheaf F ∈ QCoh(X × SpecA) is flat over SpecA if and only if the functor F ⊗ p∗A(−)
is exact. As pX is affine, pX∗ is exact and has no kernel, i.e. pX∗(G) ≃ 0 implies G ≃ 0.
Therefore, exactness of F⊗p∗A(−) is equivalent to exactness of pX∗(F⊗p∗A(−)). Indeed, one
implication is obvious. For the second, let 0 →M ′ →M →M ′′ → 0 be an arbitrary exact
sequence of A-modules and let 0→K → F ⊗p∗A(M ′)→ F ⊗p∗A(M) → F ⊗p∗A(M ′′)→ 0 be
an exact sequence of sheaves on X ×SpecA. If pX∗(F ⊗p∗A(−)) is exact, then pX∗(K) ≃ 0,
i.e. K ≃ 0. It shows that F ⊗ p∗A(−) is exact. 
Now, we describe functors QCoh(X)A ↔ QCoh(X)B induced by a homomorphism
α∶A→ B of Noetherian commutative k-algebras. Note that α induces a functor ∗A → ∗B
which we denote by the same letter.
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Replace QCoh(X) by a k-linear abelian category Z and α by a homomorphism of
(possibly non-commutative) algebras. We define functor
α∗∶ ZB → ZA, α∗(ρB) = ρB ○ α∶ ∗A → Z .(12)
Homomorphism α∶A→ B of algebras yields a B-object in Mod–A defined as
(13) ρα∶ ∗B →Mod–B
α∗Ð→Mod–A.
If B is finitely presented as a right A-module, then ρα is a functor ∗B → mod–A.
Proposition 2.6. Let X be a separated quasi-compact k-scheme and α∶A → B a
homomorphism of Noetherian commutative k-algebras. Let f ∶X ×SpecB →X ×SpecA be
the morphism induced by α. Then the following diagram commutes:
(14) QCoh(X × SpecA)(−)∣∗A○FMX // QCoh(X)A
QCoh(X × SpecB)(−)∣∗B ○FMX //
f∗
OO
QCoh(X)B.
α∗
OO
Proof. Let G ∈ QCoh(X × Spec(B)) be a sheaf on the product and ρ∶ ∗B → QCoh(X)
the corresponding B-object in QCoh(X) (see Proposition 2.4 and Theorem 2.5). In view
of Proposition 2.4, commutativity of (14) is equivalent to an isomorphism of functors
FMX(f∗G), Tρ○α∶mod–A → QCoh(X) We shall show that they are both isomorphic to
Tρ ○ α∗.
In the commutative diagram
X × SpecB
f
//
pB

X × SpecA
pA

SpecB
α // SpecA
f is an affine morphism, hence f∗ is exact. Lemma 2.7 below implies that projection
formula for f holds for any sheaf on X × SpecA, not necessarily locally free. We get:
FMX(f∗G)(−) = pX∗(f∗G⊗ p∗A(−)) ≃ pX∗f∗(G⊗ f∗p∗A(−)) ≃
≃ pX∗(G⊗ p∗Bα∗(−)) ≃ FMX(G) ○ α∗ ≃ Tρ ○ α∗.
Functor Tρ ○α∗ is right exact and Tρ ○α∗∣∗A ≃ ρ ○α. It follows from Proposition 2.2.(2)
that Tρ ○ α∗ ≃ Tρ○α. 
Lemma 2.7. Let f ∶X → Y be a morphism of separated quasi-compact schemes such that
f∗∶Coh(X) → Coh(Y ) is exact. Then, for any E ∈ Coh(X) and F ∈ Coh(Y ), the natural
map is an isomorphism:
F ⊗ f∗(E) ≃Ð→ f∗(f∗(F )⊗E).
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Proof. By [Nee96, Proposition 5.3], the natural morphism β∶F ⊗L Rf∗(E) ≃Ð→
Rf∗(Lf∗(F )⊗LE) is an isomorphism. The spectral sequence Ep,q2 = T or−p(L−qf∗(F ),E) ⇒
T or−p−q(Lf∗(F ),E) implies that H0(β) is the required isomorphism. 
In view of Proposition 2.6, we can think of α∗ as a non-commutative push-forward
of Fourier-Mukai kernels. Its left adjoint α∗, when it exists, acquires the meaning of a
non-commutative pull-back of FM kernels.
For cocomplete Z , we define
α∗∶ ZA → ZB, α∗(ρA) = T ρA ○ ρα.(15)
If B is finitely presented as a right A-module, i.e. ρα factors via the subcategory mod–A ⊂
mod–B, we put α∗(ρA) = TρA ○ ρα.
Proposition 2.8. Consider a k-linear abelian category Z and a homomorphism α∶A→ B
of unital k-algebras. Assume that Z is cocomplete or B ∈ mod–A. Then functor α∗ (12)
is left adjoint to α∗ (15).
Proof. We consider the case when B ∈ mod–A. The analogous proof in the case when Z
is cocomplete is left to the reader.
We consider Z as a full subcategory Mod–R, for some k-algebra R (see [Fre64, Theorem
4.44]). Consider ρA ∈ ZA, ρB ∈ ZB and put ZA ∶= ρA(∗A), ZB ∶= ρB(∗B). The group
HomZB(α∗(ρA), ρB) consists of morphisms ξ ∈ HomZ(TρA(B),ZB) such that, for any
b ∈ B, diagram:
(16) TρA(B) ξ // ZB
TρA(B) ξ //
TρA(ρα(b))
OO
ZB
ρB(b)
OO
commutes. By Proposition 2.2.(1), morphism ξ corresponds to an element z in
HomA(B,HomZ(ZA,ZB)). Commutativity of (16) implies that z is a morphism of right
A and left B modules (recall the bimodule structure of HomZ(ZA,ZB) described in (1)).
As a left B module, B is generated by the unit 1B ∈ B. Hence, z is determined by
z(1) ∈ HomZ(ZA,ZB). Moreover, as z is a morphism of bimodules, for any a ∈ A, we have
ρB(α(a)) ○ z(1B) = z(α(a)) = z(1B) ○ ρA(α).
Therefore, z(1B) is a morphism of A-objects ρA → ρB ○ α. On the other hand, any
morphism ρA → ρB ○ α is of the form z(1B), for some z. It follows that
HomZB(α∗(ρA), ρB) ≃ HomZA(ρA, ρB ○α) = HomZA(ρA, α∗(ρB)).

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Corollary 2.9. Let X be a separated quasi-compact k-scheme and α∶A → B a
homomorphism of Noetherian commutative k-algebras. Let f ∶X ×SpecB →X ×SpecA be
the morphism induced by α. Then the following diagram commutes:
QCoh(X × SpecB)(−)∣∗B ○FMX // QCoh(X)B
QCoh(X × SpecA)(−)∣∗A○FMX //
f∗
OO
QCoh(X)A.
α∗
OO
Proof. This is implied by Propositions 2.6, 2.8 and the uniqueness of left adjoint. 
3. Non-commutative deformations over the category Basn
In this section we reformulate the classical deformation theory for a sheaf F0 on a
separated, quasi-compact k-scheme X in terms of A-objects in the abelian category
Coh(X). This allows us to define a flat deformation of F0 over a non-commutative local
Artinian algebra A. More generally, we deform n objects Z⋅ = (Z1, . . . ,Zn) of a k-linear
abelian category Z over a basic Artinian algebra A with n isomorphism classes of simple
modules arriving at a functor ncDefZ⋅ ∶Basn → Sets.
3.1. The classical deformation functor via flat A-objects.
Let F0 be a coherent sheaf on a Noetherian k-scheme X . The structure of a k-scheme
on X allows us to view F0 as a k-object eF0 ∶ ∗k → Coh(X).
In view of the previous section the classical deformation functor ([Sch68]) DefF0 ∶Artk →
Sets can be defined as:
(17)
DefF0(A, qA) ={(ρA, ϕA) ∣ρA ∈ Coh(X)A is a flat A-object, ϕA∶ρA → qA∗eF0
induces TϕA(A/mA)∶TρA(A/mA) ≃Ð→ TqA∗eF0(A/mA)}/ ∼
where, by definition, (ρA, ϕA) ∼ (ρ′A, ϕ′A) if there exists an isomorphism ψ∶ρA ≃Ð→ ρ′A of
A-objects such that ϕ′A ○ ψ = ϕA.
Equality qB ○ α = qA for an α ∈ HomArtk((A, qA), (B,qB)) implies qA∗eF0 ≃ α∗qB∗eF0 .
This isomorphism allows us to define DefF0(α)∶DefF0(A, qA)→ DefF0(B,qB) as
DefF0(α)(ρA, ϕA) = (α∗ρA, α∗ρA α∗ϕAÐÐÐ→ α∗qA∗eF0 ≃ α∗α∗qB∗eF0 εαÐ→ qB∗eF0),
where εα∶α∗α∗ → Id is the α∗ ⊣ α∗ adjunction counit.
Proposition 3.1. Let F0 be a coherent sheaf on a Noetherian k-scheme X. For a
commutative, local k-algebra A ∈ Art
k
, let iA∶X → X ×SpecA be the morphism induced by
qA∶A→ A/m. Then functor DefF0 is isomorphic to the classical deformation functor:
(18)
DefF0(A, qA) ={(F,ϕ∶F → iA∗F0) ∣F ∈ Coh(X × SpecA) is flat over A,
i∗Aϕ∶ i
∗
AF
≃
Ð→ i∗AiA∗F0}/ ∼
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where (F,ϕ) ∼ (F ′, ϕ′) if there exists an isomorphism ψ∶F ≃Ð→ F ′ such that ϕ′ ○ ψ = ϕ.
3.2. The category Bas1.
For a k-algebra A, we denote by A× the set of invertible elements in A.
Let (A, qA), (B,qB) be non-commutative local Artinian k-algebras. We denote by
HomncArt
k
((A, qA), (B,qB)) the set of local homomorphisms, i.e. α∶A → B such that
qB ○α = qA.
We define the category Bas1 of basic local Artinian k-algebras (A, qA). Morphisms in
Bas1 are:
(19)
HomBas1((A, qA), (B,qB)) = HomncArt
k
((A, qA), (B,qB))/ ∼
α ∼ β ⇔ ∃u ∈ B× such that ∀a ∈ A α(a) = u−1β(a)u.
We say that homomorphisms α,β∶A → B such that α ∼ β are conjugate. One can easily
check that the composition of morphisms in Bas1 is well-defined.
For an object Z0 in a k-linear abelian category Z , let eZ0 ∶ ∗k → Z be the associated
k-object. By analogy with (17) we define the functor ncDefZ0 ∶Bas1 → Sets:
(20)
ncDefZ0(A, qA) ={(ρA, ϕA) ∣ρA ∈ ZA is a flat A-object, ϕA∶ρA → qA∗eZ0
induces TϕA(A/mA)∶TρA(A/mA) ≃Ð→ TqA∗eZ0(A/mA)}/ ∼,
ncDefZ0(α)(ρA, ϕA) =(α∗ρA, α∗ρA α∗ϕAÐÐÐ→ α∗qA∗eZ0 ≃ α∗α∗qB∗eZ0 εαÐ→ qB∗eZ0).
where α∶ (A, qA)→ (B,qB) is a morphism in Bas1, εα∶α∗α∗ → Id is the α∗ ⊣ α∗ adjunction
counit, and, by definition, (ρA, ϕA) ∼ (ρ′A, ϕ′A) if there exists an isomorphism ψ∶ρA ≃Ð→ ρ′A
of A-objects such that ϕ′A ○ ψ = ϕA.
The following lemma ensures that the functor ncDefZ0 is well-defined.
Lemma 3.2. Consider conjugate homomorphisms α,β∶A→ B of k-algebras.
(1) For an A-object ρA in an abelian category Z, the choice of u ∈ B× such that
α = u−1βu yields an isomorphism λ∶α∗ρA
≃
Ð→ β∗ρA of B-objects.
(2) If α and β are morphisms of local algebras and (ρA, ϕA) ∈ ncDefZ0(A, qA), then
the isomorphism λ induces ncDefZ0(α)(ρA, ϕA) ∼ ncDefZ0(β)(ρA, ϕA).
Proof. Let u ∈ B× be such that α = u−1βu. Without loss of generality we can assume that
qB(u) = 1. Denote by Bα, Bβ the algebra B with the right A-module structure induced
by α, respectively β. The right multiplication by u−1 yields an A-module isomorphism
l∶Bα
≃
Ð→ Bβ, hence an isomorphism ρα
≃
Ð→ ρβ It follows from the definition (15) of α∗ that
l induces an isomorphism of functors λ∶α∗
≃
Ð→ β∗.
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Isomorphism λ implies an isomorphism λρA ∶α
∗ρA
≃
Ð→ β∗ρA, which proves (1). To show
(2), it remains to check the commutativity of the diagram
β∗ρA
β∗ϕA// β∗qA∗eZ0
≃ // β∗β∗qB∗eZ0
εβ
// qB∗eZ0
α∗ρA
α∗ϕA//
λZA
OO
α∗qA∗eZ0
≃ //
λqA∗eZ0
OO
α∗α∗qB∗eZ0
εα // qB∗eZ0 ,
Id
OO
where εα and εβ are the counits of the α∗ ⊣ α∗ and β∗ ⊣ β∗ adjunctions.
As λ is an isomorphism of functors, the left square commutes. Hence, it suffices to
check that, for a k-object eZ0 , morphisms εβ ○ λqA∗eZ0 and εα are equal.
For simplicity, let us consider Z as a subcategory of Mod–R, for some k-algebra R
(cf. [Fre64, Theorem 4.44]). Then α∗qA∗eZ0 maps the object of ∗B to Bα ⊗A Z0 and the
functor α∗qA∗eZ0 on morphisms in ∗B is given by the left B-module structure of Bα⊗AZ0.
For b ⊗ z ∈ Bα ⊗A Z0 we have εα(b ⊗ z) = qB(b)z and εβ ○ λqA∗Z0(b ⊗ z) = εβ(bu−1 ⊗ z) =
qB(bu−1)z = qB(b)z. Hence, εβ ○ λqA∗Z0 = εα which finishes the proof. 
Note that, for commutative local Artinian algebras (A, qA), (B,qB), the map
HomArt
k
((A, qA), (B,qB)) → HomBas1((A, qA), (B,qB)) is an isomorphism, i.e. Artk can
be considered as a full subcategory of Bas1. In view of Section 3.1 the restriction of the
non-commutative deformation functor to the category of commutative Artinian algebras
gives the classical deformation functor:
ncDefF0 ∣Art
k
≃ DefF0 .
Remark 3.3. The conjugacy classes of algebra homomorphisms as morphisms in Bas1
make it possible for the deformation functor to be representable. Indeed, assume that
Hom((A, qA),−) ≃Ð→ ncDefZ0(−) is an isomorphism of functors Bas1 → Sets and let(UA, υA∶ZA → qA∗Z0) ∈ ncDefZ0(A, qA) be the universal family, i.e. the image of the
identity morphism on (A, qA). Then, for any local algebra (B,qB) and any element(ZB, ϕB ∶ZB → qB∗Z0) ∈ ncDefZ0(B,qB) there exists a unique morphism α∶A → B
in Bas1 such that (ZB, ϕB) = ncDefZ0(α)(UA, υA). On the other hand, Lemma 3.2
shows that, for conjugate homomorphisms α,β∶A → B, we have ncDefZ0(α)(UA, υA) =
ncDefZ0(β)(UA, υA). Therefore, the equivalence of morphisms by conjugation in Bas1 is
necessary for the existence of the universal family for the non-commutative deformation
functor.
3.3. Noncommutative deformations of n-objects.
The definition (20) of non-commutative deformations of an object Z0 of an abelian
category Z admits a straightforward generalisation to the deformation of an n-tuple Z⋅ =(Z1, . . . ,Zn) of objects in Z .
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To this end we introduce the category Basn of basic Artinian algebras with n maximal
ideals. More precisely, an object of Basn is a pair (A, qA∶A → k⊕n) of a finite dimensional,
basic k-algebra A and an algebra homomorphism qA which induces an isomorphism
A/radA ≃Ð→ k⊕n. Morphisms (A, qA)→ (B,qB) in Basn are conjugacy classes of k-algebra
homomorphisms α∶A→ B such that qB ○ α = qA.
The n-tuple Z⋅ yields a k⊕n-object
(21) eZ⋅ ∶ ∗k⊕n → Z .
We define the functor ncDefZ⋅ ∶Basn → Sets:
(22)
ncDefZ⋅(A, qA) = {(ρA, ϕA) ∣ρA ∈ ZA is a flat A-object, ϕA∶ρA → qA∗eZ⋅
induces TϕA(A/rad(A))∶TρA(A/rad(A)) ≃Ð→ TqA∗eZ⋅(A/rad(A))}/ ∼,
ncDefZ⋅(α)(ρA, ϕA) = (α∗ρA, α∗ρA α∗ϕAÐÐÐ→ α∗qA∗eZ⋅ ≃ α∗α∗qB∗eZ⋅ εαÐ→ qB∗eZ⋅).
where α∶ (A, qA)→ (B,qB) is a morphism in Basn, εα∶α∗α∗ → Id is the α∗ ⊣ α∗ adjunction
counit, and (ρA, ϕA) ∼ (ρ′A, ϕ′A) if there exists an isomorphism ψ∶ρA ≃Ð→ ρ′A of A-objects
such that ϕ′A ○ ψ = ϕA.
Analogous arguments as in Lemma 3.2.(2) show that functor ncDefZ⋅ is well-defined.
Remark 3.4. Consider a n-tuple V⋅ = (V1, . . . , Vn) of right modules over a k-algebra
R. For A ∈ Basn, an A-object in Mod–R is an A − R bimodule. Hence, an element of
ncDefV⋅(A) is an A − R bimodule V and a homomorphism V → ⊕Vi which induces an
isomorphism A/radA⊗A V ≃⊕Vi. Moreover, V is flat as an A-module, hence projective
(see [Bas60, Theorem P]).
A choice of splitting of qA∶A → k⊕n corresponds to a choice of orthogonal idempotents
e1, . . . , en in A such that ∑ ei = 1. Then, the projectivity of V imply that V ≃⊕Aei ⊗k Vi
as a left A-module. The structure of an R-module is given by a homomorphism
(23) R → EndA( n⊕
i=1
Aei ⊗k Vi) =⊕
i,j
Hom
k
(Vi, Vj)⊗k eiAej .
In [Lau02] Laudal defines the deformation functor ncDefLau for the category of R modules.
The functor ncDefLau is defined on the category BasLaun of basic algebras in Basn with a
fixed splitting of qA. The value of Def
Lau on an algebra A is given by a homomorphism
(23) modulo the equivalence relation given by automorphisms of ⊕Aei ⊗k Vi.
Consider the functor F ∶BasLaun → Basn defined by forgetting the splitting of qA and
identifying conjugate homomorphisms of algebras. Then our definition of the functor of
non-commutative deformations agrees with that of Laudal in the sense that the diagram
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commutes:
BasLaun
ncDefLau //
F

Sets
Basn
ncDef
77♥♥♥♥♥♥♥♥♥♥♥♥♥♥
Warning: In the notation of Laudal [Lau02] the roles of A and R are exchanged.
4. An abelian category as the base of non-commutative deformations
We introduce the category D̃fn of Hom and Ext
1-finite k-linear abelian categories with
n isomorphism classes of simple objects and its full subcategory Dfn of Deligne finite
categories. We show that A ↦ mod–A yields an equivalence Basn ≃ Df
op
n and that D̃fn
is a subcategory of ind-objects over Dfn. We define the functor of non-commutative
deformations as a functor Dfopn → Sets.
4.1. The categories Dfn and D̃fn.
Recall that an object of an abelian category is simple if it has no proper subobjects.
An object is semi-simple if it is isomorphic to a direct sum of simple objects. For an
abelian category A, we denote by S(A) the full subcategory of semi-simple objects.
We say that a k-linear abelian category is of finite length if it is Hom and Ext1-finite,
contains finitely many non-isomorphic simple objects, and any object admits a finite
filtration with semi-simple graded factors. An abelian category of finite length is a Deligne
finite category if it has a projective generator. By [Del90, Propostion 2.14], a Deligne finite
category A with projective generator P is equivalent to the category of finitely generated
modules over the (finite dimensional) k-algebra EndA(P ).
We define the category D̃fn. Its objects are pairs (A,QA), where A is a k-linear abelian
category of finite length and QA∶mod–k⊕n → A is a functor whose essential image is
S(A). Morphisms (A,QA) → (B,QB) in D̃fn are isomorphisms classes of exact functors
F ∶A → B such that F ○QA ≃ QB.
By Dfn we denote the full subcategory of D̃fn consisting of Deligne finite categories.
Theorem 4.1. Functor Υ∶Basopn → Dfn, Υ(A, qA) = (mod–A, qA∗), Υ(β) = β∗∶mod–B →
mod–A, for β ∈ HomBasn(A,B), is an equivalence of categories.
Proof. First, we check that Υ is well-defined. Since the direct summands of A/radA are
all isomorphism classes of simple A-modules and qA induces an equivalence of A/radA
with k⊕n, functor qA∗ induces an equivalence of mod–k
⊕n and semi-simple A-modules.
For α ∈ HomBasn((A, qA), (B,qB)), functor α∗ is exact and satisfies α∗ ○ qB∗ = qA∗. Note
that, α∗ is the right exact functor given by the B-object ρα = α∗(ρIdA), for ρα as in (13)
and IdA∶A → A.
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Let now α,β∶A → B be conjugate homomorphism of k-algebras. By Lemma 3.2.(1),
α∗(ρIdA) ≃ β∗(ρIdA). It follows from Proposition 2.4 that functors α∗ and β∗ are
isomorphic.
We check that Υ is faithful. Consider α,β ∈ HomBasn(A,B) such that α∗ ≃ β∗.
Proposition 2.4 implies an isomorphism λ∶ρα
≃
Ð→ ρβ of B-objects. Functor ρα is determined
by the B − A bimodule Bα with b ⋅ a = bα(a). Isomorphism λ yields an isomorphism
γ∶Bα
≃
Ð→ Bβ. Any isomorphism of left B modules BB is of the form b ↦ bu, for some
invertible u ∈ B. Since γ is an isomorphism of right A modules, we have bα(a)u = buβ(a),
for any b ∈ B and a ∈ A. It follows that α = uβu−1, i.e. Υ is faithful.
Next, we check that Υ is full. Let Ψ∶mod–B →mod–A be a morphism in Dfn. Functor
Ψ is isomorphic to a functor TM ∶NB ↦ N ⊗B MA, for the B − A bimodule M = Ψ(B).
Indeed, both Ψ and TM are right exact and their restrictions to ∗B are isomorphic, hence,
by Proposition 2.2.(2), Ψ ≃ TM . As Ψ is exact, M is flat as a left B module. Algebra
B is Artinian, hence perfect. Thus, by [Bas60, Theorem P], M is projective, i.e. BM ≃
⊕ni=1P
⊕bi
i , for the irreducible projective B-modules P1, . . . , Pn. The isomorphism Ψ○qB∗ ≃
qA∗ implies that Ψ maps the i’th simple B-module Si to a simple A-module. On the other
hand Si ⊗ (⊕P⊕bjj ) is isomorphic to a direct sum of bi copies of a simple module, where
Pi is an irreducible projective cover of Si. It follows that bi = 1, for any i = 1, . . . , n. Since
B is basic, we conclude that BM ≃ BB.
As M has a structure of a right A-module, there exists αop∶Aop → EndB(BM) ≃
EndB(BB) = Bop. Homomorphism αopp depends on a choice of an isomorphism γ∶BM ≃Ð→
BB, i.e. on a choice of a generator m of M as a cyclic B module. Another generator
m̃ corresponds under γ to an invertible u ∈ B. Morphism α̃op given by m̃ satisfies
α̃op = uαopu−1. Thus, the conjugacy class of α is well-defined.
Finally, we check that Υ is essentially surjective. Any category (A,QA) ∈ Dfn is
equivalent to the category of modules over the endomorphism algebra of a projective
generator (cf. [Del90]). Since any finite dimensional algebra is Morita equivalent to a basic
one (c.f [ASS06, Corollary I.6.3]), it follows that A ≃ mod–A, for some finite dimensional
basic k-algebra A. As above, exact QA∶mod–k⊕n → mod–A is isomorphic to qA∗, for a
homomorphism qA∶A→ k⊕n. Homomorphism qA is unique, because all invertible elements
in k⊕n are central. Since the essential image of QA is the subcategory of semi-simple
objects in mod–A, qA induces an isomorphism A/radA ≃ k⊕n, i.e. (A, qA) ∈ Basn. 
Proposition 4.2. A functor T ∈ HomDfn(A,B) has left and right adjoint functors
T ∗, T !∶B → A.
Proof. By Theorem 4.1, A ≃ mod–A, B ≃ mod–B and T ≃ f∗, for some A,B ∈ Basn and
a homomorphism f ∶B → A. The statement follows from the existence of the left adjoint
f∗(−) = (−)⊗B A and the right adjoint f !(−) = HomB(A,−) to f∗. 
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4.2. Category D̃fn as a subcategory of ind-objects over Dfn.
Consider (B,QB) ∈ D̃fn. We describe a filtration on B with categories in Dfn.
For any B ∈ B, we denote by R(B) the radical of B, i.e the intersection of all maximal
subobjects of B. By [Nak70, Theorem 2.4], R(B) is the union of all superfluous subobjects
of B (recall that A ⊂ B is superfluous if, for any proper subobject C ⊊ B the union
A ∪C ⊊ B is a proper subobject of B).
By [Koh68, Theorem 2.1], for any α ∈ HomB(B,B′) and superfluous A ⊂ B, the image
α(A) ⊂ B′ is also superfluous. It follows that B ⊂ B′ implies R(B) ⊂ R(B′). Moreover,
B ↦ R(B) is a subfunctor of the identity functor.
The cokernel of the inclusion R(B)→ B is the maximal semi-simple quotient of B (see
[Koh68, Theorem 2.3]), i.e. sequence
(24) 0→ R(B)→ B → QBQ∗BB → 0
is exact.
Lemma 4.3. If ϕ ∈ HomB(M,N) is surjective, then so is R(ϕ)∶R(M) → R(N).
Proof. Let K be the kernel of ϕ. Then
QBQ
∗
BK → QBQ
∗
BM → QBQ
∗
BN → 0
is exact. Let Q ∶= ker(QBQ∗BM → QBQ∗BN). The composite K → QBQ∗BK → Q of two
surjective morphisms is surjective, hence the snake-lemma for
0 // Q // QBQ∗BM
QBQ
∗
B(ϕ)// QBQ
∗
BN
// 0
0 // K //
OO
M
ϕ
//
OO
N //
OO
0
shows that R(M) → R(N) is surjective (see sequence (24)). 
Denote by Bl the full subcategory of B consisting of B ∈ B such that Rl+1(B) = 0.
Lemma 4.4. The subcategory Bl ⊂ B is closed under quotients and subobjects. In
particular, Bl is abelian.
Proof. Since B′ ⊂ B implies R(B′) ⊂ R(B) (see [Koh68, Theorem 2.1]), the category Bl is
closed under subobjects. Similarly, as B ↠ B′ implies R(B)↠ R(B′) (see Lemma 4.3),
category Bl is closed under quotients. 
Objects in B are of finite length and R(B) ⊊ B. It follows that the category B is the
inductive limit of Bl along the inclusions Bl → Bl+1. Functor QB∶mod–k⊕n → B factors
via the inclusion il∶Bl → B. We denote by QBl ∶mod–k
⊕n → Bl the induced functor.
20 AGNIESZKA BODZENTA AND ALEXEY BONDAL
It is easy to see that for Mk ∈ Bk, Ml ∈ Bl and a short exact sequence
0→Mk →M →Ml → 0,
object M lies in Bk+l. Moreover, B1 = S(B) is the subcategory of semi-simple objects.
We show that Bl is an object in Dfn. To this end we define projective objects P li ∈ Bl by
induction. Put P 1i = Si to be the simple object in B. Object P
l
i is defined via an extension
(25) 0→
n
⊕
j=1
Sj ⊗Ext
1
B(P l−1i , Sj)∨ → P li qliÐ→ P l−1i → 0
given by the canonical element in
Ext1B(P l−1i , n⊕
j=1
Sj ⊗Ext
1
B(P l−1i , Sj))∨ ≃ n⊕
j=1
Ext1B(P l−1i , Sj)⊗Ext1B(P l−1i , Sj)∨.
One easily checks that, for any l ≥ 1,
(26) HomB(P li , Sj) = { k, if i = j,0, otherwise.
Proposition 4.5. Object P li ∈ Bl is a projective cover of Si. In particular (Bl,QBl) ∈ Dfn.
Proof. If P li ≃ P
l−1
i , then P
l
i is a projective object in B. Therefore, we assume that
P li ≠ P
l−1
i , i.e. that Qi ∶=⊕
n
j=1Sj ⊗Ext
1
B(P k−1i , Sj)∨ is non-zero.
In order to show that P li is projective in Bl, we shall show that for any simple object T
and a non-trivial extension
0→ T →M → P li → 0,
we have T ⊂ Rl(M), i.e. M ∉ Bl. It implies that Ext1Bl(P li , T ) = 0, for any simple T , hence,
for any object in Bl.
The map Ext1B(P li , T ) → Ext1B(Qi, T ) in the long exact sequence obtained by applying
Hom(−, T ) to (25) is injective. It follows that M̃ ∶=M ×P l
i
Qi is a non-trivial extension of
Qi by T . As both T and Qi are semi-simple, T ⊂ R(M̃).
Object M̃ fits into a commutative diagram with exact rows and columns
0 // P l−1i
≃ // P l−1i
T
OO
// M
f
//
g
OO
P li
OO
T //
≃
OO
M̃ //
OO
Qi
OO
As R is a subfunctor of identity, morphism g maps Rl−1(M) to Rl−1(P l−1i ) = 0. It follows
that Rl−1(M) is contained in the kernel M̃ of g. On the other hand, by Lemma 4.4,
Rl−1(f)∶Rl−1(M)→ Rl−1(P li ) ≃ Qi is surjective (see Lemma 4.6 below for the isomorphism
Rl−1(P li ) ≃ Qi).
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It follows that T ∪Rl−1(M) is a subobject of M̃ that contains T and admits a surjective
morphism to Qi. It follows, that T ∪Rl−1(M) ≃ M̃ . Since T ⊂ M̃ is superfluous, Rl−1(M) ≃
M̃ . Hence, Rl(M) = R(Rl−1(M)) = R(M̃) ≠ 0 because T ⊂ R(M̃).
The category B1 of semi-simple objects in B is equivalent to the category of semi-simple
objects in Bl. Hence QBl induces an equivalence of mod–k
⊕n with semi-simple objects in
Bl, i.e. (Bl,QBl) ∈ Dfn. 
Lemma 4.6. For n < l, consider f li = q
n+1
i ○ q
n+2
i ○ . . . ○ q
l
i∶P
l
i → P
n
i . Then R
n(P li ) is the
kernel of f li :
0→ Rn(P li )→ P li f
l,n
iÐÐ→ P ni → 0.
Proof. Clearly, the statement holds for l = 1. We prove the statement by induction on l.
Assume that Rn(P qi ) = ker(P qi f
q,n
iÐÐ→ P ni ), for q < l and all n < q. Formula (26) implies that
Si is the maximal semi-simple quotient of P li , hence, in view of (24), R(P li ) = ker(P li f
l,1
iÐÐ→
P 1i ).
We assume that Rn(P li ) = ker(P li f
l,n
iÐÐ→ P ni ), for n < m < l, and show that Rm(P li ) =
ker(P li f
l,m
iÐÐ→ Pmi ).
Put Q′i ∶=⊕
n
j=1Sj ⊗Ext
1
B(Pm−1i , Sj)∨. We get a diagram with exact rows and columns:
(27) 0 // Pm−1i
Id // Pm−1i
M //
OO
P li
f
l,m
i //
f
l,m−1
i
OO
Pmi
f
m,m−1
i
OO
M //
OO
Rm−1(P li ) //
OO
Q′i
OO
Object Q′i is a semi-simple quotient of R
m−1(P li ). In order to show that it is the maximal
semi-simple quotient, i.e. that R(Rm−1(P li )) = M , we check that, for any simple object
T , any non-zero morphism Rm−1(P li ) ↦ T decomposes as Rm−1(P li ) → Q′i → T . Thus,
it suffices to check that applying Hom(−, T ) to the lower row of diagram (27) yields an
injective morphism ϕ∶HomB(M,T )→ Ext1A(Q′i, T ).
Since diagram (27) commutes, the following square
Ext1B(Pmi , T ) τ // Ext1B(Q′i, T )
HomB(M,T )
ψ
OO
ϕ
// Ext1B(Q′i, T )
Id
OO
commutes, where ψ and τ are obtained by applying HomB(−,M) respectively to the
middle row and the left column of diagram (27). Since HomB(Pmi , T ) = HomB(P li , T ) (see
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26), morphism ψ is injective. Applying HomB(−, T ) to (25) yields injectivity of τ . Hence,
ϕ is injective. It follows that M = R(Rm−1(P li )) = Rm(P li ), which finishes the inductive
step. 
Theorem 4.7. For any (B,QB) ∈ D̃fn, functor h(B,QB)(−) = HomD̃fn(−, (B,QB))∶Dfopn →
Sets is an ind-object over Dfn.
Proof. Consider the category Dfn,h(B,QB) (cf. Appendix A) whose objects are pairs((A,QA), T ) of (A,QA) ∈ Dfn and T ∈ hB(A,QA). Morphisms ((A,QA), T ) →((A′,QA′), T ′) in Dfn,h(B,QB) are those F ∈ HomDfn((A,QA), (A′,QA′)) that satisfy
h(B,QB)(F )(T ′) = T . By Propositions A.3 and A.2, functor h(B,QB) is an ind-object if
and only if Dfn,h(B,QB) is filtrant and there exists a small subset S of objects of Dfn,h(B,QB)
such that for any ((A,QA), T ) ∈ Dfn,h(B,QB) there exists ((A,QA), T )→ s, for some s ∈ S.
First, we check that Dfn,h(B,QB) is filtrant. Categories (Bl,QBl) with inclusion functors
il∶Bl → B lie in Dfn,h(B,QB), i.e. Dfn,h(B,QB) is non-empty, i.e. condition (i) of Definition A.1
holds.
Let ((A1,QA1), T1), ((A2,QA2), T2) be objects of Dfn,h(B,QB) . By Lemma 4.8 below,
there exists l ∈ N such that both T1 and T2 factor via the inclusion Bl
ilÐ→ B. By Theorem
4.1, there exist (A1, qA1), (A2, qA2) and (B,qB) in Basn such that Υ(Ai, qAi) ≃ (Ai,QAi)
and Υ(B,qB) ≃ (Bl,QBl). One checks that A ∶= A1 ×k⊕n A2 with the homomorphism qA to
k
⊕n induced by qA1 and qA2 is an object of Basn. Put (A,QA) = Υ(A, qA) and denote by
p1∶A→ A1, p2∶A→ A2 the canonical projections.
Functors S1∶A1 → Bl, S2∶A2 → Bl such that il ○ Si = Ti correspond to conjugacy classes
of homomorphisms B → Ai. Choose some representatives s1∶B → A1, s2∶B → A2. They
define s∶B → A1 ×k⊕n A2. The pair ((A,QA), il ○ s∗) is an object of Dfn,hB . Moreover,
equality pi ○ s = si implies that Si ≃ si∗ ≃ s∗ ○ pi∗. It follows that pi∗ is a morphism((Ai,QAi), Ti)→ ((A,QA), il ○ s∗) in Dfn,h(B,QB). It shows that condition (ii) of Definition
A.1 is satisfied.
Let now ((A1,QA1), T1), ((A2,QA2), T2) be objects of Dfn,h(B,QB) and consider a
pair Ψ1,Ψ2∶ ((A1,QA1), T1) → ((A2,QA2), T2) of morphisms in Dfn,h(B,QB) . By Lemma
4.8, we can consider the functor T2 as T2∶A2 → Bl, for some l ∈ N. Let again(A1, qA1), (A2, qA2), (B,qB) ∈ Basn be such that Υ(Ai, qAi) ≃ (Ai,QAi) and Υ(B,qB) ≃(Bl,QBl). Choose homomorphisms t∶B → A2, f1, f2∶A2 → A1 such that Υ(t) = T2 and
Υ(fi) = Ψi. As T ○Ψ1 ≃ T ○Ψ2, f1 ○ t and f2 ○ t are conjugate. Changing the conjugacy
class of f2, if necessary, we can assume that f1 ○ t = f2 ○ t. Consider the equaliser i∶C → A2
of f1 and f2. The pair (C, qA2 ○ i) is an object of Basn. Homomorphism t admits a lift
to s∶B → C such that i ○ s = t. Equality qA2 ○ i ○ s = qA2 ○ t = qB implies that s is an
element in HomBasn((B,qB), (C, qA2 ○ i)). Then ((mod–C, i∗ ○ qA2∗), s∗) ∈ Dfn,h(B,QB) and
i∗∶A2 → mod–C is a morphism in Dfn,h(B,QB) such that i∗ ○ Ψ1 ≃ i∗ ○ Ψ2. This proves
condition (iii) of Definition A.1, which finishes the proof that Dfn,h(B,QB) is filtrant.
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It follows from Lemma 4.8 that any ((A,QA), T ) ∈ Dfn,h(B,QB) admits a morphism
to ((Bl,QBl), il), for the inclusion il∶Bl → B. Since the set of ((Bl,QBl), il) is small,
Proposition A.3 implies that Dfn,h(B,QB) is filtrant and cofinally small. Hence, h(B,QB) is
an ind-object over Dfn (see Proposition A.2). 
Lemma 4.8. For (A,QA) ∈ Dfn, (B,QB) ∈ D̃fn and T ∈ HomD̃fn((A,QA), (B,QB)) there
exists l ∈ N such that T (A) ⊂ Bl and functor T factors via the inclusion il∶ (Bl,QBl) →(B,QB), i.e.
HomD̃fn((A,QA), (B,QB)) = limÐ→HomDfn((A,QA), (Bl,QBl)).
Proof. Any functor Ψ ∈ HomD̃fn((B′,QB′), (B,QB)) restricts to a functor Ψl∶ (B′l,QB′l) →(Bl,QBl). Indeed, if M ∈ B′l, then the radical filtration is a filtration of M of length less
than l with semi-simple quotients. Functor Ψ is exact and takes semi-simple objects in
B′ to semi-simple objects in B. Hence, Ψ(M) has a filtration of length less than l with
semi-simple quotients, i.e. Ψ(M) ∈ Bl.
A category (A,QA) ∈ Dfn is equivalent to (Al,QAl), for some l ∈ N. Indeed, choose a
projective generator P ∈ A and let l ∈ Z be such that Rl(P ) = 0, i.e. P ∈ Al. Every object
M ∈ A is a quotient of direct sums of copies of P . As the subcategory Al ⊂ A is closed
under direct sums and quotients, it follows that any M ∈ A is an object of Al.
We conclude that a functor T ∈ HomD̃fn((A,QA), (B,QB)) decomposes as T ∶ (A,QA) ≃(Al,QAl) TlÐ→ (Bl,QBl) ilÐ→ (B,QB). 
Morphisms in D̃fn considered as exact functors do not necessarily have adjoints. Indeed,
consider the embedding α∶k→ k[[t]] of a unit into a ring of complete power series in one
variable. The induced functor α∗∶Mod–k[[t]] → Mod–k restricts to a functor of the
categories of finite dimensional modules, i.e. to a morphism in D̃f1, but its left adjoint α∗
does not. However, adjoint functors exists if the source is an object of the category Dfn:
Proposition 4.9. For an object (A,QA) in Dfn and (B,QB) in D̃fn, any functor T in
HomD̃fn((A,QA), (B,QB)) admits left and right adjoint T ∗, T !∶B → A.
Proof. By Lemma 4.8, functor T decomposes as (A,QA) TlÐ→ (Bl,QBl) ilÐ→ (B,QB). Functor
Tl has left and right adjoint by Proposition 4.2. The subcategory Bl ⊂ B is closed under
subobjects, quotients and direct sums (see Lemma 4.4), hence, by Lemma 4.10, functor
il admits left and right adjoints i∗l , i
!
l∶B → Bl. The composite T
∗
l ○ i
∗
l is left adjoint to T ,
while T !l ○ i
!
l is its right adjoint. 
Lemma 4.10. (cf. [Del90]) Consider a category A of finite length. Let ι∶B → A be an
inclusion of a full subcategory closed under subobjects, quotients and direct sums. Then ι
admits left and right adjoint ι∗, ι!∶A → B.
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For (A,QA), (B,QB) in D̃fn and T ∈ HomD̃fn((A,QA), (B,QB)), the Q∗A ⊣ QA
adjunction unit η (see Lemma 4.10) yields a natural transformation
(28) ϕT ∶T
T○η
ÐÐ→ T ○QA ○Q∗A ≃ QB ○Q
∗
A.
As QA is fully faithful, η ○QA∶QA → QA ○Q∗A ○QA is an isomorphism, hence ϕT ○QA is
an isomorphism T ○QA
≃
Ð→ QB ○Q∗A ○QA.
Proposition 4.11. Consider (A,QA) ∈ Dfn, (B,QB) ∈ D̃fn and a morphism T ∈
HomD̃fn((A,QA), (B,QB)). Then ϕT is the unique, up to a non-unique isomorphism of
T , natural transformation T → QB ○Q∗A such that ϕT ○QA is an isomorphism.
Proof. Functors T and QB ○Q∗A factor via an inclusion Bl ⊂ B, for some l ∈ N (see Lemma
4.8). Hence, without loss of generality, we can assume that (B,QB) ∈ Dfn. Let (A, qA),(B,qB) and t∶B → A be such that Υ(A, qA) ≃ (A,QA), Υ(B,qB) ≃ (B,QB) and Υ(t) ≃ T
(see Theorem 4.1).
The (right) exact functor T corresponds to the A-object ∗A → mod–A
T
Ð→ mod–B, i.e.
to At with the standard left A-module structure and the right B-module structure given by
t. Since QA ≃ qA∗, right exact Q
∗
A corresponds to the A-object ∗A
ρqAÐÐ→ ∗
k
⊕n → mod–k⊕n.
Then, QB ○Q∗A is given by the A −B-bimodule k
⊕nand ϕT corresponds to the morphism
At
qAÐ→ k⊕n of A −B-bimodules.
Proposition 2.4 implies that another natural transformation ϕ∶T → QB ○ Q∗A yields a
morphism ψ∶At → k⊕n of A −B-bimodules.
A splitting of qA yields idempotents e1, . . . , en ∈ A. Put fi ∶= qA(ei) ∈ k⊕n. Since ϕ ○QA
is an isomorphism, A/radA⊗AA Id⊗AψÐÐÐ→ A/radA⊗Ak⊕n is an isomorphism. It follows that
ψ(fi) = λifi, for some non-zero scalars λi.
Element eλ ∶= λ1e1 + . . . + λnen is in the image of t and qA(eλ) is central in k⊕n. It
follows that ψ can be considered as a morphism Ae−1
λ
teλ
→ k⊕n. The right multiplication
by eλ yields an isomorphism θ∶At → Ae−1
λ
teλ
of A −B-bimodules such that ψ ○ θ = qA. As
the functor A → B given by the bimodule Ae−1
λ
teλ
is isomorphic to T (see Lemma 3.2 and
Proposition 2.4), θ yields the required isomorphism Θ∶T
≃
Ð→ T such that ϕ ○Θ = ϕT . 
4.3. The non-commutative deformation functor Dfopn → Sets categorified.
The k⊕n object eZ⋅ (21) yields a functor (see Proposition 2.4):
(29) ζ ∶mod–k⊕n → Z .
We define a functor ncDefζ ∶Df
op
n → Sets via:
(30)
ncDefζ(A,QA) = {(F,ϕ∶F → ζ ○Q∗A) ∣F ∶A → Z is exact,
ϕ ○QA∶F ○QA
≃
Ð→ ζ ○Q∗A ○QA}/ ∼,
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where (F,ϕ) ∼ (F ′, ϕ′) if there exists ψ∶F ≃Ð→ F ′ such that ϕ′ ○ψ = ϕ.
For T ∈ HomDfn(A,B), isomorphism T ○ QA ≃ QB implies Q∗A ○ T ∗ ≃ Q∗B (see
Proposition 4.2 for the existence of T ∗). We use the latter isomorphism to define
ncDefζ(T )∶ncDefζ(B)→ ncDefζ(A) via:
(31) ncDefζ(T )(F,ϕ) = (F ○ T,F ○ T ϕ○TÐÐ→ ζ ○Q∗B ○ T ≃ ζ ○Q∗A ○ T ∗ ○ T εTÐ→ ζ ○Q∗A),
for the T ∗ ⊣ T∗ adjunction εT .
Proposition 4.12. For an n-tuple Z⋅ of objects of a k-linear abelian category Z and
ζ = TZ⋅ ∶mod–k
⊕n → Z the composite Basn
Υ
Ð→ Dfopn
ncDefζ
ÐÐÐ→ Sets is isomorphic to ncDefZ⋅.
Proof. Let (ρA, ϕA∶ρA → qA∗eZ⋅) be an element of ncDefZ⋅(A, qA). By Proposition 2.4, ρA
uniquely determines an exact functor TρA ∶mod–A → Z . On the other hand, the functor
ζ ○q∗A is right exact and ζ ○q
∗
A∣∗A ≃ qA∗○eZ⋅ . Proposition 2.2.(2) implies that ζ ○q∗A ≃ TqA∗eZ⋅ .
By Proposition 2.4, ϕA yields a unique natural transformation ψ∶TρA → ζ ○ q
∗
A. As the
image of qA∗ is the additive closure of A/radA, the condition that TϕA(A/radA) is an
isomorphism is equivalent to φA ○ qA∗ being an isomorphism. Finally, an isomorphism
θ∶ρA
≃
Ð→ ρ′A yields a unique isomorphism TρA
≃
Ð→ Tρ′
A
(see Proposition 2.4).
One easily checks that the constructed isomorphism ncDefZ⋅(A, qA)→ ncDefζ ○Υ(A, qA)
extends to a natural isomorphism of functors. 
We say that the functor ncDefζ is representable if there exists an isomorphism
HomDfn(−,A) ≃Ð→ ncDefζ(−), for some A ∈ Dfn. The functor is ind-representable if there
exists an isomorphism HomD̃fn(−,A) ≃Ð→ ncDefζ(−), for some A ∈ D̃fn (see Theorem 4.7).
5. Non-commutative deformations of simple collections are
ind-representable
We consider a simple collection (Z1, . . . ,Zn) in a k-linear abelian category Z and the
corresponding kn-object eZ⋅ . We show that the smallest subcategory F({Zi}) of Z closed
under extensions and containing Zi’s is an object of D̃fn which ind-represents the functor
of non-commutative deformations of ζ ∶mod–k⊕n → Z given by eZ⋅ . We give an example
when ncDefζ is not ind-representable.
5.1. Extension closure of a simple collection is abelian.
Consider a simple collection (Z1, . . . ,Zn) in a k-linear abelian category Z (cf. [Kaw18]),
i.e. assume that
dim
k
HomZ(Zi,Zj) = δij .
Let F({Zi}) ⊂ Z be the full subcategory with objects admitting a finite filtration with
factors ⊕i∈J Zi, for some finite set J . We show that F({Zi}) is abelian.
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Lemma 5.1. For any M ∈ F({Zi}) and any i, a morphism α∶M → Zi is either zero or
surjective. A morphism β∶Zi →M is either zero or injective.
Proof. We proceed by induction on the length of M . Consider the first step of a filtration
of M :
0→M ′ →M
q
Ð→ Z → 0.
Sequence 0 → Hom(Z,Zi) → Hom(M,Zi) → Hom(M ′,Zi) is exact, hence a non-zero α
is either of the form λq, for a non-zero scalar λ, or the composite α′∶M ′ → M → Zi is
non-zero. In the first case, α is clearly surjective. If α′ is non-zero, then, since M ′ has
length smaller than M , morphism α′ is surjective by the induction hypothesis. It follows
that also α is surjective.
Analogous proof of the injectivity of β is left to the reader. 
Lemma 5.2. For an object M ∈ F({Zi}) and a non-zero morphism Zi →M , the quotient
M ′ ∶=M/Zi lies in F({Zi}).
Proof. Let 0 =M0 ⊂M1 ⊂ . . . ⊂Mj ≃M be a filtration of M with Mj/Mj−1 isomorphic to
a direct sum of copies of Zi’s and let l be minimal among those for which the image of
Zi → M is contained in Ml. By Lemma 5.1, morphism Zi → Ml/Ml−1 is an embedding.
For n ≥ l, denote by M ′n the quotient of Mn by Zi. Since (Zi)ni=1 is a simple collection,
the quotient M ′l /Ml−1, isomorphic to the quotient of Ml/Ml−1 by Zi, is a direct sum of
copies of Zj’s. Indeed, Ml/Ml−1 is a direct sum of copies of Zj’s and Zi →Ml/Ml−1 is an
inclusion of a direct summand. Then
0 =M0 ⊂M1 ⊂ . . . ⊂Ml−1 ⊂M
′
l ⊂ . . . ⊂M
′
j ≃M
′
is a filtration of M ′ with factors isomorphic to direct sums of copies of Zi’s, i.e. M ′ ∈
F({Zi}). 
Proposition 5.3. Let (Z1, . . . ,Zn) be a simple collection in a k-linear abelian category
Z. Then category F({Zi}) is abelian. It has n isomorphism classes of simple objects:
Z1, . . . ,Zn.
Proof. Let M,N ∈ F({Zi}) and let f ∈ HomZ(N,M). We shall show by induction on
the sum of the ‘lengths’ of M and N . i.e. the leng of a maximal filtration with factors
isomorphic to direct sums of copies of Zi, that both the kernel K of f and its cokernel C
are objects in F({Zi}).
Consider an embedding Zi ↪ N . Then Zi is either a subobject of K or the composite
Zi → N →M is non-zero, hence injective (see Lemma 5.1).
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Assume first that Zi ⊂K. In diagram
K ′ // N ′ // M
K //
OO
N //
OO
M
≃
OO
Zi
≃ //
OO
Zi //
OO
0
OO
rows and columns are short exact sequences. By Lemma 5.2, N ′ ∈ F({Zi}). Since the
length on N ′ is smaller than the length of N , the inductive assumption implies that K ′
is an object in F({Zi}). It follows that K ∈ F({Zi}).
If, on the other hand, Zi is a subobject of M then diagram
K // N ′ // M ′
K //
≃
OO
N //
OO
M
OO
0 //
OO
Zi
≃ //
OO
Zi
OO
implies that K is the kernel of a morphism N ′ →M ′. Since both N ′ andM ′ are objects in
F({Zi}) (by Lemma 5.2 again) of length smaller than N andM respectively, the inductive
assumption implies that K ∈ F({Zi}).
Dually one can prove that also the cokernel C of f is an object in F({Zi}).
Since every object has a filtration by direct sums of copies of Zi’s, clearly Zi’s are the
only simple objects in F({Zi}). 
By Proposition 5.3, category F({Zi}) is abelian. Therefore, we can consider the functor
QF ∶mod–k
⊕n → F({Zi})
corresponding to the k⊕n-object eZ⋅ ∶ ∗k⊕n → F({Zi}) (see Proposition 2.4).
Corollary 5.4. Let Zi be a simple collection in a k-linear abelian category Z. If
dim
k
HomZ Ext
1
Z(⊕ni=1Zi,⊕ni=1Zi) is finite, then (F({Zi}),QF) is an object of D̃fn.
Proof. As the collection is simple, dim
k
HomZ(⊕ni=1Zi,⊕ni=1Zi) is finite. Since any object
in F({Fi}) admits a finite filtration with direct sums of copies of Zi’s, the dimensions of
HomZ(M,N) and Ext1Z(M,N) are finite, for all objects M,N ∈ F({Zi}). By Proposition
5.3, F({Zi}) is abelian and QF is an equivalence of mod–k⊕n with semi-simple objects
in F({Zi}). It follows that F({Zi}) is of finite length, i.e. (F({Zi}),QF) ∈ D̃fn. 
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5.2. The category F({Zi}) ind-represents the functor ncDefζ.
Let (Z1, . . . ,Zn) be a simple collection in a k-linear abelian category Z with finite
dim
k
Ext1Z(⊕ni=1Zi,⊕ni=1Zi). Denote by ι∶F({Zi}) → Z the inclusion of a subcategory.
Functor ζ (29) decomposes as ι ○QF .
In view of Corollary 5.4, for (A,QA) ∈ Dfn and T ∈ HomD̃fn((A,QA), (F({Zi}),QF)),
we have ϕT ∶T → QF ○Q∗A as in (28).
Lemma 5.5. For any (A,QA) ∈ Dfn and T ∈ HomD̃fn((A,QA), (F({Zi}),QF)), the pair(ι ○ T, ι ○ ϕT ) is an element of ncDefζ(A,QA).
Proof. Functor ι ○ T ∶A → Z is a composite of two exact functors, hence it is exact. As
ϕT ○QA is an isomorphism (see Proposition 4.11), so is ι ○ϕT ○QA. 
Functor ι induces a natural transformation of functors Dfopn → Sets:
Ψ∶HomD̃fn(−, (F({Zi}),QF))→ ncDefζ(−).
Indeed, Lemma 5.5 implies that T ↦ (ι ○ T, ι ○ ϕT ) defines Ψ on objects. For F ∈
HomDfn((B,QB), (A,QA)), the pair (ι ○ T ○ F, ι ○ ϕT○F ) is an element of ncDefζ(B,QB),
which defines Ψ on morphisms.
Theorem 5.6. Let Z be a k-linear abelian category and (Z1, . . . ,Zn) a simple collection
of objects of Z with finite dim
k
Ext1Z(⊕ni=1Zi,⊕ni=1Zi). Then Ψ is an isomorphism of
functors, i.e. (F({Zi}),QF) ind-represents the functor ncDefζ(−).
Proof. We check that Ψ(A,QA) is a bijection, for (A,QA) ∈ Dfn. Consider morphisms T,T ′ ∈
HomDfn(−, (F({Zi}),QF)). Since ι∶F({Zi})→ Z is an inclusion of a full subcategory, an
isomorphism θ∶ ι ○ T
≃
Ð→ ι ○ T ′ yields an isomorphism θ′∶T → T ′, which proves that ΨA is
injective.
For an element (S,ϕA) ∈ ncDefζ(A,QA), the image of S and ζ ○Q∗A are contained in
the full subcategory F({Zi}) ⊂ Z . Hence, (S,ϕA) give unique exact T ∶A → F({Zi}),
ψ∶T → QF ○ Q∗A such that ι ○ T ≃ S and ι ○ ψ = ϕA. As ι is reflective, ψ ○ QA is an
isomorphism. Category F({Zi}) is in D̃fn (see Corollary 5.4), hence Proposition 4.11 gives
an isomorphism θ∶T
≃
Ð→ T ′ such that ψ ○ θ = ϕT . It follows that (S,ϕA) ∼ (ι ○ T, ι ○ ϕT ),
which proves that ΨA is surjective. 
5.3. Obstruction to representability.
We give an example of a functor ζ ∶mod–k⊕3 → Z such that ncDefζ is not ind-
representable. We argue by contradiction and assume that there exists C ∈ D̃f3 and
(T ∶C → Z , ϕT ∶T → ζ ○Q∗C)
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inducing an isomorphism
(32) Ψ∶HomD̃f3(−, (C,QC)) ≃Ð→ ncDefζ(−).
We conclude that there exists (F,ϕ) ∈ ncDefζ(B) such that Ψ(G1) ∼ (F,ϕ) ∼ Ψ(G2), for
two non-isomorphic G1,G2 ∈ HomD̃f3((B,QB), (C,QC)).
The category Z is the category of right modules over the quiver
(33) 1 3oo
//
2.oo
We denote by L1, L2, L3 simple objects in Z and consider a non-trivial extension
0→ L2 →M
a
Ð→ L3 → 0.
Functor ζ is given by the k⊕3-object:
Z⋅ = (L1,M,L3).
The endomorphism algebra of Z⋅ is
L1
v
&&♣ ❴ ◆
M a //
t
&&♣ ❴ ◆
L3
w
hh ❧❤❝❴❬❱
❘
with solid arrows of degree zero and dashed arrows od degree one, i.e. a ∈ Hom(M,L3),
v ∈ Ext1(L1,M), t ∈ Ext1(M,L3), v ∈ Ext1(L3,L1). The compositions av ∈ Ext1(L1,L3),
wa ∈ Ext1(M,L1) are both non-zero. As the category Z is hereditary, the compositions
tv, wt and vw are zero.
Let
0→ L3
b
Ð→N
c
Ð→M → 0
be a non-trivial extension corresponding to t. Easy calculations show that EndZ(N) ≃ k2
is spanned by the identity morphism and bac. Let u ∶= av ∈ Ext1Z(L1,L3) ≃ k be a non-zero
element. Then
(34) Ext1Z(L1,N) = span {bu, v} ≃ k2,
where cv = v. Moreover, (bac) ○ (bu) = 0 and (bac) ○ v = (ba) ○ v = bu.
Category B is the category of right modules over the path algebra B of the quiver
(35) 1 2oo 3oo
We prove the existence of (F,ϕ) ∈ ncDefζ(B) with a non-unique lift by looking at
extensions of functors from the subcategory A ⊂ B of right modules over the path algebra
A of the quiver
(36) 1 2 3oo
Let α∶B → A be the algebra homomorphism corresponding to the inclusion of the
subcategory A → B. We consider A and B as object of Df3 with functors QA and
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QB determined by the labelling of the simple modules. We denote by qB ∶B → k⊕3 the
homomorphism corresponding to QB (see Theorem 4.1).
An A-object in a k-linear abelian category W is a functor from the path category
of the quiver (36), i.e. the data of ρA = (Z3 σÐ→ Z2,Z1). Similarly, a B-object is ρB =(W3 τ2Ð→ W2 τ1Ð→ W1). The corresponding right exact functor TρA , respectively TρB , maps
the indecomposable projective covers Pi of simple module Si corresponding to the i’th
vertex of (36), respectively (35), to Zi, respectively to Wi, and the non-trivial morphisms
Pi → Pj to given morphisms Zi → Zj , respectively Wi →Wj.
Indecomposable projective covers of simple objects SA2 and S
A
3 in A are projective in
B. The simple object SA1 is projective, while in B its projective resolution is
(37) 0→ PB2 → P
B
1 → S
B
1 → 0.
Lemma 5.7. An A-object ρA is flat if and only if σ is a monomorphism. A B-object ρB
is flat if and only if τ1 and τ2 are monomorphisms.
Proof. We prove the first statement. The proof of the second one is analogous.
Category A has 4 isomorphism classes of indecomposable objects: simple A-modules
SA1 , S
A
2 , S
A
3 and the projective cover P
A
2 of S2 which fits into a short exact sequence
(38) 0→ SA3
i
Ð→ PA2
pi
Ð→ SA2 → 0
Functor TρA ∶A → Z is defined as TρA(SA1 ) = Z1, TρA(SA2 ) = coker σ, TρA(SA3 ) = Z3,
TρA(PA2 ) = Z2, TρA(i) = σ and TρA(π) is the canonical map Z2 → coker σ.
If TρA is exact then it maps (38) to a short exact sequence. In particular, σ is a
monomorphism. If, on the other hand, σ is a monomorphism, then L1TρA vanishes on all
simple objects in A. Hence, L1TρA = 0, which implies that TρA is exact. 
A flat A-object ρA = (Z3 σÐ→ Z2,Z1) in W yields a map
(39) θ∶Ext1W(Z1,Z2)→ {ρB ∣ρB is flat and α∗ρB = ρA}/iso.
Indeed, let ξ ∈ Ext1W(Z1,Z2) and 0 → Z2 iÐ→ W pÐ→ Z1 → 0 be the short exact sequence
corresponding to ξ. Then ρξ = (Z3 σÐ→ Z2 iÐ→W ) is a flat B-object such that α∗ρξ = ρA.
Lemma 5.8. Consider (W ,QW) ∈ D̃f3 and ρA∶ ∗A → W such that TρA ∈
HomD̃f3((A,QA), (W ,QW)). Then the map θ (39) is injective.
Proof. Consider ξ, ξ′ ∈ Ext1W(Z1,Z2) such that θ(ξ) = θ(ξ′). Let 0 → Z2 iÐ→W → Z1 → 0,
respectively 0 → Z2
i′
Ð→ W ′ → Z1 → 0, be the short exact sequences corresponding to ξ,
respectively ξ′. The isomorphism θ(ξ) ≃ θ(ξ′) implies a commutative diagram
(40) Z2
i′ // W ′
Z2
i //
γ ≃
OO
W
δ≃
OO
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Since TρA is a morphism in D̃f3, Z2 = TρA(PA2 ) has two non-isomorphic simple factors and
Z1 = TρA(SA1 ) is simple in W . It follows that both W and W ′ has three non-isomorphic
simple factors. Vanishing of morphisms between non-isomorphic simple objects in W
implies that endomorphisms groups of Z2, W and W ′ are one-dimensional. In particular,
γ = λ IdZ2 , for some λ ∈ k
×. Commutativity of (40) implies, that, up to an isomorphism,
δ = λ IdW . Hence, isomorphism in (40) multiplied by λ−1 extend to an isomorphism of
extensions corresponding to ξ and ξ′. It proves that ξ = ξ′, i.e. θ is injective. 
We consider the A-object
ρA = (L3 bÐ→N,L1)
in the category Z and the natural transformation ϕA∶TρA → ζ ○Q
∗
A given by
L3
0 // M L1
L3
Id
OO
b // N
c
OO
L1
Id
OO
One readily checks that the pair (TρA , ϕA) is an element of ncDefζ(A). Hence, it uniquely
determines H ∈ HomD̃f3((A,QA), (C,QC)). Let χ = (C3 σÐ→ C2,C1) be the corresponding
flat A-object. As the isomorphism Ψ (32) is given by the composition with T , we have
T ○ χ = ρA.
We consider the commutative diagram given by θ and the composition with T :
(41) Ext1Z(L1,N) θZ // {ρB ∶ ∗B → Z ∣ρB is flat and α∗ρB ≃ ρA}/iso
Ext1C(C1,C2)
T○(−)
OO
θC // {ρB ∶ ∗B → C ∣ρB is flat and α∗ρB ≃ χ}/iso
T○(−)
OO
We show that any ρB as in (41) admits a natural map ϕρB ∶ρ → qB∗eZ⋅ such that(ρB, ϕρB) ∈ ncDefZ⋅(B) = ncDefζ(B) (see Lemma 5.9), and that the group homomorphism
Ext1C(C1,C2) T○(−)ÐÐÐ→ Ext1Z(L1,N) is surjective (see Lemma 5.10). We also find two non-
isomorphic elements of Ext1Z(L1,N) whose images under θZ coincide. Together with
the map ϕ to qB∗eZ⋅ they give (F,ϕ) ∈ ncDefζ(B) (see Lemma 5.11). Then, the
commutativity of (41) and injectivity of θC (see Lemma 5.8) imply that (F,ϕ) is the
image under T ○ (−) of two, non-isomorphic flat ρB, ρ′B ∶ ∗B → C, i.e. non-isomorphic
G1 ∶= TρB ,G2 ∶= Tρ′B ∈ HomD̃f3((B,QB), (C,QC)) .
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Lemma 5.9. A flat B-object ρB such that α
∗ρB ≃ ρA is of the form ρB = (L3 bÐ→N τÐ→W )
with L1 = coker τ . For such ρB and the morphism ϕρB of B-objects:
(42) L3
0 // M
0 // L1
L3
Id
OO
b // N
c
OO
τ // W1
can
OO
the pair (ρB, ϕρB) is an element of ncDefZ⋅(B,qB) = ncDefζ(B,QB).
Proof. The condition α∗ρB ≃ ρA is equivalent to TρB ∣A ≃ TρA . It is satisfied if and only
if the values of TρB on S
B
1 , P
B
2 and S
B
3 (i.e. projective generators for the subcategory
A ⊂ B) and morphisms between them agree with the values of TρA . The given form of a
B-object ρB satisfying the condition follows from the projective resolution (37) of S
B
1 and
the definition of TρB(SB1 ) as the cokernel of TρB(PB2 )→ TρB(PB1 ).
An easy calculation shows that the natural transformation Φ induced by (42) is an
isomorphism on simple objects SBi . Hence, Φ ○QB is an isomorphism. 
Lemma 5.10. Assume that (32) is an isomorphism. Then the group homomorphism
T ○ (−)∶Ext1C(C1,C2)→ Ext1Z(L1,N) is surjective.
Proof. The map is linear, therefore it suffices to check that the k-basis bu and v of
Ext1Z(L1,N) (see (34)) lies in its image. Let 0 → N iuÐ→ Wu puÐ→ L1 → 0, 0 → N ivÐ→
Wv
pv
Ð→ L1 → 0 be the short exact sequences corresponding to bu and v.
We claim that there is no isomorphism of B-objects ρB1 ∶= θZ(bu) = (L3 bÐ→ N iuÐ→Wu)
and ρB2 ∶= θZ(v) = (L3, bÐ→ N ivÐ→ Wv). Indeed, if there was one, then the isomorphism
ǫ∶N → N would satisfy ǫ ○ bu = v. On the other hand, any isomorphism of N is of the
form λ Id+µbac, for λ ∈ k× and µ ∈ k. Then (λ Id+µbac) ○ bu = λbu ≠ v.
It follows that ρB1 and ρB2 with maps (42) to (L3 0Ð→M 0Ð→ L1) are different elements of
ncDefζ(B,QB). Let G1,G2 ∈ HomD̃f3((B,QB), (C,QC)) be such that Ψ(Gi) = (ρBi, ϕρBi).
The commutativity of (41) implies that the functor TG1, respectively TG2, applied to
(37) gives the class bu, respectively v, in Ext1Z(L1,N). Hence, the images of (37) under
G1 and G2 give classes ξ1, ξ2 ∈ Ext
1
C(C1,C2) such that T (ξ1) = bu and T (ξ2) = v. 
Lemma 5.11. Consider the A-object ρA = (L3 bÐ→ N,L1) and v, v + bu ∈ Ext1Z(L1,N).
There exists an isomorphism θ(v) ≃Ð→ θ(v + bu) which commutes with morphisms ϕθ(v),
ϕθ(v+bu) to qB∗eZ⋅, i.e. (Tθ(v), ϕθ(v)) ∼ (Tθ(v+bu), ϕθ(v+bu)) as elements of ncDefζ(B,qB).
Proof. Equality (IdN +bac) ○ v = v + bu implies commutative diagram
N
i′ // W ′ // L1
v+bu// N[1]
N
i //
Id+bac
OO
W //
γ
OO
L1
v //
Id
OO
N[1]
Id+bac
OO
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The isomorphism of B-objects θ(v) and θ(v + bu) is:
L3
b // N
i′ // W ′
L3
b //
Id
OO
N
i //
Id+bac
OO
W
γ
OO
As c ○ (Id+bac) = c and the morphisms W → L1, W ′ → L1 are canonical, the isomorphism
commutes with the morphisms (42) to (L3 0Ð→M 0Ð→ L1). 
6. The null-category as the space of non-commutative deformations
Let X and Y be normal varieties over a field k. Consider a proper morphism f ∶X → Y
(∗) with fibers of dimension bounded by 1, and such that Rf∗OX = OY .
Let y ∈ Y be a closed point such that the fiber f−1(y) is one dimensional. Then C ∶=
f−1(y)red is a proper algebraic curve over the field k with H1(OC) = 0.
To describe the structure of the reduced fiber, we introduce an incidence graph of
a reduced curve C = ⋃Ci such that all of its irreducible components Ci are smooth.
Vertices of the graph correspond to irreducible components and singular points of C.
An edge connects a vertex corresponding to an irreducible component Ci with a vertex
corresponding to a singular point c ∈ Sing(C) if and only if c ∈ Ci.
Proposition 6.1. [BB15, Theorem D.1] Let C be a reduced proper algebraic curve over
a field k. Then H1(OC) = 0 if and only if the following conditions are satisfied:
(1) Every irreducible component Ci of C is a smooth rational curve,
(2) The incidence graph of C has no cycles,
(3) The curve has normal crossing singularities.
We study the null-category of f :
(43) Af = {E ∈ Coh(X) ∣Rf∗(E) = 0}.
We prove that OCi(−1) are all isomorphism classes of simple objects in Af . We conclude
that an appropriate subcategory of Af ind-represents the functor of non-commutative
deformations of the collection {OCi(−1)}. If f is a morphism of threefolds we show that
Af in fact represents this functor.
6.1. The null-category Af under decomposition and base change.
We recall the basic properties of the null-category following [BB15].
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Proposition 6.2. [BB15, Proposition 2.10] Let f ∶X → Y satisfy (∗). Consider a
decomposition for f :
X
g
  ❅
❅❅
❅❅
❅❅
❅
f

Z
h~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
Y
Then, for E ∈ Coh(X) with R1f∗E = 0, we have R1g∗E = 0. Functor g∗ restricts to an
exact functor g∗∶Af → Ah.
Proposition 6.3. [BB15, Proposition 2.11] Let f ∶X → Y satisfy (∗) and g∶Z → Y be
a morphism of schemes over a field k. Let coherent sheaf E on X satisfy Rlf∗E = 0,
for l ≥ l0, for some l0 ∈ {0,1}. Then RlπZ∗π∗XE = 0, for l ≥ l0, where πX ∶W → X and
πZ ∶W → Z are the projections for W =X ×Y Z:
(44) X ×Y Z
piX //
piZ

X
f

Z
g
// Y
Corollary 6.4. Let f ∶X → Y and g∶Z → Y be as in Proposition 6.3. For E ∈ Af , its
pull-back π∗XE is an object in ApiZ .
6.2. Projective objects in Af .
By [Bri02, Lemma 3.1], for f ∶X → Y satisfying (∗), the category Af is the heart of the
restriction of the standard t-structure on D−(Coh(X)) to the triangulated null-category:
Cf = {E⋅ ∈ D−(Coh(X))∣Rf∗(E⋅) = 0}.
The semi-orthogonal decomposition D−(Coh(X)) = ⟨Cf ,Lf∗D−(Coh(Y ))⟩ implies
existence of functor α∗f ∶D
−(Coh(X)) → Cf left adjoint to the inclusion αf ∶Cf →
D−(Coh(X)) (see [Bon89, Lemma 3.1]). The α∗f ⊣ αf adjunction unit and Lf∗ ⊣ Rf∗
adjunction counit fit into a functorial exact triangle
(45) Lf∗Rf∗ → IdD−Coh(X) → αfα∗f → Lf
∗Rf∗[1].
The standard argument shows that
ι∗f ∶=H
0
○α∗f ∣Coh(X)∶Coh(X)→Af
is left adjoint to the inclusion ιf ∶Af → Coh(X).
To f ∶X → Y satisfying (∗) and p ∈ Z, T. Bridgeland in [Bri02] assigned a t-structure
on Db(Coh(X)) with the heart pPer(X/Y ) of p-perverse sheaves. In the case when Y is
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affine, with [VdB04, Proposition 3.2.5] M. Van den Bergh constructed a vector bundle N
on X which is a projective generator for the heart 0Per(X/Y ) of 0-perverse t-structure
on Db(Coh(X)). By [BB15, Remark 2.6],
(46) P ∶= ι∗fN
is a projective generator for Af .
If f ∶X → Y satisfies (∗) and Y = SpecR is a spectrum of a complete Noetherian local
ring, then the reduced fiber Cred = ⋃ni=1Ci of f over the unique closed point y ∈ Y is a
tree of rational curves. In this case the Picard group of X is isomorphic to Zn, where the
isomorphism is given by the degrees of the restriction to irreducible components of Cred:L↦ deg(L∣Ci)i=1,...,n.
Remark 6.5. (cf. [VdB04, Lemma 3.4.4][BB15, Remark 2.7]) Let xi ∈ Ci ⊂X be a closed
point such that xi ∉ Ck, for any k ≠ i, and j∶ X̃i → Xi a closed embedding of the vicinity X̃i
of xi into a smooth variety Xi. There exists an effective Cartier divisor Di ⊂ Xi such that
scheme-theoretically Di ∩ j∗Ci = {j∗xi}. By pulling back Di to X̃i, we obtain an effective
divisor Di ⊂ X such that scheme-theoretically Di.Ci = {xi} and Di.Ck = 0, for k ≠ i. We
denote by ιDi ∶Di → X the embedding of Di into X .
Denote by Li line bundles
(47) Li ≃ OX(−Di).
Following [VdB04], for every i, we consider vector bundle Ni:
(48) 0→ Li → Ni → Ori−1X → 0
which corresponds to a choice of generators of Ext1(OX ,Li) as an R-module. Denote byN0 = OX the structure sheaf of X . By [VdB04, Theorem 3.5.5], vector bundle
N ∶= n⊕
i=0
Ni
is a projective generator for 0Per(X/Y ), i.e. ι∗fN is a projective generator for Af .
6.3. Simple objects in Af .
Proposition 6.6. Let f ∶X → Y satisfy (∗) and F ∈ Af be a simple object. Then there
exists a closed point y ∈ Y and an embedding i∶Cy → X of the fiber of f over y such that
F is isomorphic to i∗i∗(F ).
Proof. Consider a closed point y ∈ Y such that the support of F meets Cy. Map α∶F →
i∗i∗(F ) is surjective. Corollary 6.4 implies that object i∗i∗(F ) is a (non-zero) object of
the category Af . Since F is simple in Af , morphism α is an isomorphism. 
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Next we show that the category Af is closed under the restriction to reduced fibers.
First, we consider a projective generator.
Note that if the fiber over a closed point of Y is irreducible, then Cred ≃ P1.
Lemma 6.7. Let f ∶X → Y satisfy (∗) and Y = SpecR be a spectrum of a complete
Noetherian local ring. Assume that the fiber C over the unique closed point of Y is
irreducible. Then the restriction of the projective generator P for Af to the reduced fiber
Cred is an object of Af .
Proof. Let D ⊂ X be a divisor as in Remark 6.5 and P = ι∗fN a projective generator. Since
α∗fOX ≃ 0, applying ι∗f to (48) yields an isomorphism P = ι∗fOX(−D). As ι∗f = H0 ○α∗f , the
cohomology sheaves of the exact triangle obtained by applying (45) to OX(−D) yield an
exact sequence:
f∗f∗OX(−D)→ OX(−D)→ P → 0
(in fact one can show that f∗f∗OX(−D)→ OX(−D) is injective). It follows that P∣Cred is
a quotient of OX(−D)∣Cred ≃ OCred(−1). Any quotient of an invertible sheaf on a smooth
curve is either an Artinian sheaf or the invertible sheaf itself (indeed, the rank of the
geometric fiber of the sheaf at every closed point is bounded by 1). Since OCred(−1) ∈ Af
is covered by a direct sum of copies of P, the curve Cred is contained in the support ofP. Thus, the restriction P∣Cred is not an Artinian sheaf. Hence, P∣Cred ≃ OCred(−1) ∈ Af ,
which finishes the proof. 
Proposition 6.8. Let f ∶X → Y satisfy (∗). For F ∈ Af , let y ∈ Y be such that the fiber
C over y is irreducible and assume that the support of F meets C. Then the restriction
of F to the reduced fiber Cred is an object of Af .
Proof. By Corollary 6.4, we can assume that F is supported on C. Therefore we can
assume that Y is a spectrum of a complete Noetherian local ring.
The restriction map F → F ∣Cred fits into a short exact sequence
0→KF → F → F ∣Cred → 0.
Since morphism f has fibers of relative dimension bounded by one and R1f∗F = 0, we
have R1f∗F ∣Cred = 0. Thus, in order to prove that F ∣Cred ∈ Af it suffices to check that
f∗F ∣Cred = 0. By applying Rf∗ to the short exact sequence above, we get an isomorphism
f∗F ∣Cred ≃ R1f∗KF .
Since the fiber C is proper, HomX(P, F ) is finite dimensional, for the projective
generator P for Af . Hence, F is a quotient of a direct sum of finitely many copies of P.
We shall show that KF is the quotient of finitely many copies of KP ∶= ker(P → P∣Cred),
i.e. that there exists a surjective morphism K⊕sP
α
Ð→ KF . We use Lemma 6.9 below, forA = Coh(X) = B, H = IdCoh(X) and G = (−) ⊗ OCred . Indeed, since OX → OCred is an
epimorphism, the morphism of functors IdCoh(X) → (−)⊗OCred has a trivial cokernel. As
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both functors IdCoh(X) and (−) ⊗ OCred are right exact, assumptions of Lemma 6.9 are
satisfied. Thus, if P⊕s → F is surjective, then so is the induced map α∶K⊕sP →KF .
Since, by Lemma 6.7, the sheaf P∣Cred lies in Af , we have R1f∗KP ≃ f∗P∣Cred = 0. As
f has fibers of relative dimension bounded by one, morphism R1f∗K
⊕s
P
R1f∗α
ÐÐÐ→ R1f∗KF is
surjective. Thus, vanishing of R1f∗KP implies that f∗F ∣Cred ≃ R1f∗KF ≃ 0.

Note that, the category of functors between abelian categories A → B is itself
abelian. Hence, for H,G∶A → B and morphism η∶H → G, there exist functors
Ker(η),Coker(η)∶A→ B. We have
Lemma 6.9. Let H,G∶A → B be right exact functors and let η∶H → G be a morphism
with Coker(η) ≃ 0. Then the functor Ker(η) takes surjective morphisms in A to surjective
morphisms in B.
Proof. Let α∶A1 → A2 be a surjective morphism in A. Morphism η yields a morphism of
short exact sequences in B:
0 // Ker(η)(A2) // H(A2) // G(A2) // 0
0 // Ker(η)(A1) //
Ker(η)(α)
OO
H(A1) //
H(α)
OO
G(A1) //
G(α)
OO
0
Since H and G are right exact, the snake lemma yields an exact sequence
0→ ker Ker(η)(α)→ ker H(α) βÐ→ ker G(α)→ cokerKer(η)(α)→ 0.
It follows that Ker(η)(α) is surjective if and only if morphism β above is surjective.
Denote by A′ the kernel of α. In diagram
G(A′) //
%% %%❑❑
❑❑
❑❑
❑❑
❑❑
G(A1) G(α) // G(A2) // 0
kerG(α)
99ssssssssss
H(A′) //
ηA′
OO
%% %%❑❑
❑❑
❑❑
❑❑
❑❑
H(A1) H(α) //
ηA1
OO
H(A2)
ηA2
OO
// 0
kerH(α)
99ssssssssss
β
OO
rows are exact. Since ηA′ is surjective, so is morphism β, which finishes the proof. 
Proposition 6.10. Let f ∶X → Y satisfy (∗) and assume that the fiber C over a closed
point of Y is irreducible. Then a unique, up to isomorphism, simple object in Af whose
support meets C is i∗OCred(−1).
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Proof. Let F be a simple object in Af . Proposition 6.8 implies that F ∣Cred is an object
in Af . Hence, the surjective morphism F → F ∣Cred is an isomorphism. Since Rf∗F = 0,
we have: H0(Cred, F ∣Cred) ≃ 0 ≃ H1(Cred, F ∣Cred). As Cred ≃ P1, it follows that F ∣Cred ≃OCred(−1). 
Now we describe simple objects in Af , for the case when the fiber has many components.
First we consider the case of a morphism f ∶X → Y which satisfies (∗) and Y = SpecR is
the specturm of a complete Noetherian local ring. We denote by C the fiber of f over the
unique closed point of Y and by i∶C → X the closed embedding. We consider effective
divisors ιDi ∶Di → X as in Remark 6.5.
For E ∈ Coh(X), by Tor0(E) we denote the maximal subsheaf of E with a zero-
dimensional support. The length of an Artinian sheaf is its dimension as k-vector space
Lemma 6.11. Let f ∶X → Y satisfy (∗) and Y = SpecR be a spectrum of a complete
Noetherian local ring. Consider a coherent sheaf F supported on C with Tor0(F ) = 0.
Then L1ι∗DiF = 0 and the length of ι
∗
Di
F does not depend on the choice of point xi ∈
Ci ∖ ∪j≠iCj and divisor Di.
Proof. Isomorphism ιDi∗Lι
∗
Di
F ≃ ODi ⊗L F and short exact sequence
0→ OX(−Di)→ OX → ODi → 0
imply that ιDi∗L
1ι∗Di(F ) is the kernel of the morphism F (−Di) → F . The kernel would
have a zero dimensional support, hence it is zero by assumption on F .
Therefore, ι∗DiF ≃ Lι
∗
Di
F , which implies that the length of ι∗Di(F ) equals the Euler
characteristic χ(H ⋅(X,ODi ⊗L F )). Hence it depends only on the classes of F and ODi
in Grothendieck group K0(X). This implies that the length is independent of the point
and the divisor. 
Note that, for any non-zero sheaf E′ with zero-dimensional support, the sheaf f∗(E′)
is non-zero. Since for any coherent sheaf E, the direct image f∗Tor0(E) is a subsheaf of
f∗(E), we have f∗Tor0(E) = 0, for any E ∈ Af . Hence, Tor0(E) = 0, for such E.
Consider the full abelian subcategory in Af :
(49) Af,C = {E ∈ Af ∣SuppE ⊂ C}.
Lemma 6.11 allows us to unambiguously define numbers
ri(F ) = length ι∗Di(F ),
for any F ∈ Af,C .
Proposition 6.12. Functions ri are well-defined on the Grothendieck group of Af . If
F ∈ Af,C and ri(F ) = 0, for every i, then F ≃ 0. Moreover, Af,C is of finite length.
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Proof. Since C ⊂ X is proper, category Af is Hom- and Ext
1-finite.
As Af,C does not contain sheaves with zero-dimensional support, any F ∈ Af,C with
ri(F ) equal to zero, for all i, must necessarily be the zero sheaf. Since L1ι∗Di(F ) is zero for
F ∈ Af,C by Lemma 6.11, numbers ri(F ) are additive on short exact sequences in Af,C .
This implies that the length of every object is finite. 
Let f ∶X → Y satisfy (∗). For a closed point y ∈ Y and the fiber Cy over y we put
Af,Cy = {E ∈ Af ∣Supp E ⊂ Cy}.
Theorem 6.13. Let f ∶X → Y satisfy (∗). For closed y ∈ Y , denote by ιy,i∶Cy,i → X
the embeddings of irreducible components of Cy,red. Then {ιy,i∗OCy,i(−1)}y∈Y , respectively{ιy,i∗OCy,i(−1)}, is the set of all isomorphism classes of simple objects in Af , respectively
in Af,Cy .
Proof. By Proposition 6.6 any simple object F ∈ Af is isomorphic to ιy∗F , for some closed
point y ∈ Y , embedding ιy ∶Cy → X and object F ∈ Af,Cy . Since functor ιy∗∶Af,Cy → Af
is exact and has no kernel, object F is simple in Af,Cy . Therefore we may assume that
Y = Spec(R) is a spectrum of a complete Noetherian local ring, C is the fiber of f over
the unique closed point of Y , and ιi∶Ci →X is the embedding of an irreducible component
of Cred.
Clearly, objects ιi∗OCi(−1) are simple as any proper quotient E would necessarily satisfy
rj(E) = 0, for all j.
Let F ∈ Af be simple and assume that ri(F ) ≠ 0, for some i. Let Z be the normalization
of ProjY ⊕l≥0 f∗(OX(lDi)) and let h∶Z → Y denote the canonical morphism. There exists
a rational map g̃∶X → ProjY ⊕l≥0 f∗(OX(lDi)) which takes a point x ∈ X to the ideal of
sections of ⊕OX(lDi) that vanish at x. Since divisor Di in the linear system ∣Di∣ can
be chosen in such a way that its unique closed point is any given xi ∈ Ci ∖⋃j≠iCj, base
locus of ∣Di∣ is empty and morphism g̃ is well-defined on all closed points of X . Since X
is normal, map g̃ admits a lift to g∶X → Z. As lDi.Cj = 0, for j ≠ i, morphism g contracts
all components of the fiber of f but Ci.
Since f and hg are birational morphisms that coincide on a dense open set, they are
equal. Hence, map f ∶X → Y can be decomposed as
X
g
  ❅
❅❅
❅❅
❅❅
❅
f

Z
h~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
Y
Since g is proper and Z is normal, g∗OX ≃ OZ (see [BB15, Lemma 4.1]). Fibers of g
and h are of relative dimension bounded by one, hence Rg∗OX ≃ OZ (see Proposition
40 AGNIESZKA BODZENTA AND ALEXEY BONDAL
6.2). It follows that Rh∗OZ ≃ Rh∗Rg∗OX ≃ OY , i.e. morphism h satisfies (∗). From the
decomposition of f it follows that the fiber of h over the closed point of Y is irreducible.
Since morphism g takes the component Ci onto the fiber of h, the sheaf g∗F is non-zero.
Propositions 6.2 and 6.12 implies that g∗F ∈ Ah. It follows from Proposition 6.10 that
there exists an injective morphism OCZ(−1)→ g∗(F ), for the reduced fiber CZ of h.
By adjunction, there exists a non-zero morphism α ∶ g∗OCZ(−1)→ F . Sheaf g∗OCZ(−1)
is an object in Af . Indeed, we have: Rf∗Lg∗g∗OCi(−1) = Rh∗g∗OCi(−1) = 0, as
g∗OCi(−1) ∈ Ah. [BB15, Lemma 2.9] implies that Lig∗g∗OCi(−1) ∈ Af , for i > 0. It
then follows from the spectral sequence Rqf∗Lsg∗g∗OCi(−1) ⇒ Rq−sf∗Lg∗g∗OCi(−1) = 0,
that g∗g∗OCi(−1) is an object in Af too.
Since F is simple in Af , map α is surjective and fits into a short exact sequence
(50) 0→ A1 → g∗OCZ(−1)→ F → 0
with A1 ∈ Ag. Since ri(g∗OCZ(−1)) = 1 and F is a quotient of g∗(OCZ(−1)), we have
ri(F ) = 1. It follows that sheaf A1 is supported on the union of the components of the
fiber of f different from Ci.
In view of adjunction
Hom(g∗OCZ(−1), ιi∗OCi(−1)) ≃ Hom(OCZ(−1), g∗ιi∗OCi(−1))
≃ Hom(OCZ(−1),OCZ (−1)),
we have a non-zero morphism β∶ g∗OCZ(−1) → ιi∗OCi(−1). On the other hand the space
Hom(A1, ιi∗OCi(−1)) ≃ Hom(ι∗iA1,OCi(−1)) is zero, because the support of ι∗i (A1) is
contained in Ci ∩ (⋃j≠iCj).
Hence, applying Hom(−, ιi∗OCi(−1)) to sequence (50) implies that morphism β factors
through a non-zero morphism F → ιi∗OCi(−1), which is necessarily an isomorphism, as
both F and ιi∗OCi(−1) are simple objects in Af . 
Category Db(Coh(X)) admits also −1 perverse t-structure (cf. [Bri02, VdB04]) with
heart −1Per(X/Y ). Then
Af[1] = {E ∈ −1Per(X/Y ) ∣Rf∗E = 0}.
Since the functor Rf∗∶ −1Per(X/Y ) → Coh(Y ) is exact, Af[1] ⊂ −1Per(X/Y ) is closed
under subobjects and quotient objects. Hence, for a simple object S ∈ Af , the shift
S[1] is simple in −1Per(X/Y ). Using the classification of irreducible projective objects
in −1Per(X/Y ) [VdB04, Proposition 3.5.4] M. Van den Bergh described simple object in
−1Per(X/Y ) as OCi(−1)[1] and one extra object, the structure sheaf of the schematic
fiber over the closed point, [VdB04, Proposition 3.5.7]. Since the structure sheaf of the
schematic fiber does not lie in Af , sheaves OCi(−1) are all isomorphism classes of simple
objects in Af . The above argument provides an alternative proof of Theorem 6.13.
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6.4. The null-category Af,C ind-represents deformations of OCi(−1).
Let f ∶X → Y satisfy (∗) and Y = SpecR be a spectrum of a Noetherian local ring.
Let further C = ⋃ni=1Ci be the fiber over the closed point p ∈ Y (see Proposition 6.1). We
consider the k⊕n-object (OC1(−1), . . . ,OCn(−1)) and the functor γ∶mod–k⊕n → Coh(X)
corresponding to it.
Theorem 6.14. Let f ∶X → Y satisfy (∗). If Y is a spectrum of a Noetherian local ring
and the codimension of the exceptional locus of f is greater than one, then the category
Af,C ind-represents the functor ncDefγ.
Proof. By Proposition 6.12 and Theorem 6.13 category Af,C is of finite length with simple
objects OCi(−1). The statement follows from Theorem 5.6. 
Corollary 6.15. Let f ∶X → Y be a morphism of threefolds satisfying (∗). If Y is a
spectrum of a Noetherian local ring and the codimension of the exceptional locus of f is
greater than one, then the category Af represents the functor ncDefγ.
Proof. For threefolds, the exceptional fiber is the fiber over the closed point. As any
object of Af is set-theoretically supported on the exceptional locus of f , it follows that
the category Af,C is equivalent to Af . Since P ∈ Af as in (46) is projective, Af ∈ Dfn is a
Deligne finite category. We conclude by Theorem 6.14. 
Appendix A. Ind-objects
We recall after [KS06] facts about ind-objects that we use in the main body of the text.
Let C be a category and C∧ the category of functors Cop → Sets. Consider the Yoneda
embedding h∶C → C∧, hC(−) = HomC(−,C). An ind-object over category C is an element
of C∧ which is isomorphic to lim
Ð→I
h○α, for some functor α∶ I → C with I filtrant and small.
We say that a functor Υ ∈ C∧ is ind-representable if it is isomorphic to an ind-object.
Definition A.1. A category I is filtrant if,
(i) it is non-empty,
(ii) for any pair of object i, j of I, there exists an object k of I and morphisms i→ k,
j → k and,
(iii) for any parallel morphism f, g ∈ HomI(i, j), there exists a morphism h ∈ HomI(j, k)
such that h ○ f = h ○ g.
Consider a functor Ψ∶C → C′ and an object C ′ of C′. To the pair (Ψ,C ′) we assign a
category CC′ . Its objects are pairs (C,s) of an object C of C and a morphism s∶Ψ(C)→ C ′.
A morphism of pairs f ∶ (C1, s1) → (C2, s2) is a morphism f ∈ HomC(C1,C2) such that
s2 ○Ψ(f) = s1.
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As an example, the Yoneda embedding h and a functor Υ ∈ C∧ yield a category CΥ.
Since HomC∧(hC ,Υ) ≃ Υ(C), objects of CΥ are pairs (C,s) of C ∈ C and s ∈ Υ(C). A
morphism f ∶ (C1, s1)→ (C2, s2) is a morphism f ∈ HomC(C1,C2) such that Υ(f)(s2) = s1.
The category CΥ appears in the following characterisation of ind-objects.
Proposition A.2. [KS06, Proposition 6.1.5] An object Υ of C∧ is ind-representable if and
only if CΥ is filtrant and cofinally small.
Recall that a functor ψ∶ I → J is cofinal if, for any functor Φ∶J → C, the limits of Φ
and Φ ○ ψ are isomorphic. One shows that ψ is cofinal if and only if, for any object j
of J , lim
Ð→i∈I
HomJ(j,ψ(i)) ≃ {pt}, cf. [KS06, Proposition 2.5.2]. Category C is cofinally
small if it admits a cofinal functor from a small category. In other words, if a category
C is cofinally small then the ind-limit over C is isomorphic to an ind-limit over a small
category.
Proposition A.3. [KS06, Proposition 3.2.6] A filtrant category I is cofinally small if and
only if there exists a small set S of objects of I such that, for any i ∈ I there exists a
morphism i→ s with s ∈ S.
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